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PREFACE 


The present CORE 2.1 (COmpendium of RElations, Version 2.1) contains 
various formulas and relations used in the practical calculations in the Stan¬ 
dard Model. 

The properties of the Pauh, Dirac, and GeU-Mann matrices, widely used 
in calculations in the Standard Model, are considered in details. Properties 
of the wave functions of free fermions and gauge bosons are also discussed. 

We present the full Lagrangian of the Standard Model and the corre¬ 
sponding Feynman rules. The method of the evaluation of the Feynman 
(loop) integrals and calculations in non-covariant gauges is considered. 

We discuss in brief the relativistic kinematic and present a large number 
of the matrix elements of the various processes in the Standard Model. 

Almost all of the presented relations and formulas can be found in hter- 
ature. However, one can find different definitions, different normalizations, 
not widely used notations, etc. We try to collect various expressions in one 
place and make the notations and normalizations consistent. 

We hope that the present CORE 2.1 will be useful for practical calculations 
in the Standard Model, especially for post-graduates and young physicists. 

We wish to thank A.V. Razumov for multiple and useful discussions. 


Protvino, 1995 
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1 NOTATION AND DEFINITIONS 


• Throughout this article units are used in which h = c = 1. 

• Everywhere the repeated indexes imply the summation. 

• = Sik = {i, k = 1, . . . ,n) is Kronecker symbol, 

= 0 i^k, = = ...S^^ = l. 

Metric tensor in Minkowski space (/i, i/ = 0,1,. . . , n) equals: 

g>^’' = 0 /° = 1 , g^^=g^^ = ...=g-- = -l. 

The tensor g^’' is used for raising and lowering of the Lorentz subscripts and 
superscripts. 

• The scalar products of any two p and q vectors (both in Euchdean and in 
Minkowski spaces) is denoted as follows: 

p-q or (pg), i.e. p-q = (pq). 

The scalar products of any two p and q Euchdean vectors would be also 
denoted as: 

pq, i.e. pq=p-q={pq). 

• 4-vector in Minkowski space is given by 

= {E,p) = (po, pi, p 2 , ps), p^ = gf^.p'" = {E, -p). 

The scalar product of any two vectors p and q in Minkowski space is given 

by 

= Pi^g’' = Poqo -piqi -P2?2 -psqs- 
The products of the 4-vector p^ with Dirac 7 ^ matrix denotes as usual 

P = P'^Qi^uY = P'"lt, = P^l'^- 

• Totally antisymmetric tensor , 

• e-symbol in two dimensions: = 1 , 2 ): 

£12 = = 1 ; £21 = = ~ 1 ; ^AB = 

^ ^ ^ ^ ^AB _ o. ^ ^BC _ cC. 

£ — ^ABy ^BA — —^AB, ^AB^ — 4 , EaB^ — 

^ ^CD _ cCcD cDcC. 

^AB^ — OaOb ~ ^A^Bj 

£ab£cd + £ac£db + £ad£bc = 0. 
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e^^-symbol is used for rising and lowering of the spinor indexes (see Subsec¬ 
tion 2.5). 

• e-symbol in three dimensions: e'’^^ = 1;2,3): 


^123 _ 1 ^ijk ^ ^ Amn 

£ — £i 23 — t; £ — £ijfc£ — 


k Sf 6^ 

6? 67 67 


^ Amk cl cm cm cl ^ Aik r\ cl ^ Aik a 

^ijk^ ^ijk^ " ? ^ijk^ 

Schouten identity. For any 3-vector one has: 


Pil £121314 Pi2 ^111314 ~7 Pis £111214 Pi4 ^111213 O' 

• e-symbol in four-dimensional Minkowski space: (ct, . . . n = 0,1,2, 3): 


,0123 


— ~ £0123 — 1 - 



6 ^ 

p 

6 ^ 

6 ^ 

^OL 



6 ^ 

6 ^ 

6 ^ 

-\pa-T _ 

^fLl/OL(3^ - 

6 P 

p 

6 ^ 

6 P 

K 

6 P 

^OL 

61 


, £pj^a/ 3 £^^^ — — 

°p 

CfT 

^OL 

K 

CfT 


6 '^ 

p 

6 '^ 

6 '^ 

^OL 



^P 

K 

K 


Schouten identity. For any 4-vector p^ one has: 

Pa‘1^A‘2A‘3A‘4A‘5 + P^12 + P^13 + P^14 + P^15 


-24. 


= 0 . 


• Generalized Kronecker deltas 

Sometimes one can make no difference between a vector and index. For 
example, one can write: 


g.piP2P3P4 Qj. e{pi,p 2 ,P 3 ,P 4 ) instead of e^,,pa-PiP 2 P 3 P 4 - 
These notation can be used in operations with generalized Kronecker deltas: 


■■ 

6f 

*■71 

or 677"'77 = 

Pi 


" Pn-qi 

c ■■ 

6t 

*■71 

? Pl...pn 

Pi 

qn • 

•• Pn-qn 
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In n-dimensional Euclidean space one has: 

In Minkowski space the minus sign appears: 

^919293 _ _p p9l9293P C9192 _ _ p9l92Pi^ 

‘^P1P2P3 '^PlP2P3P'^ ; "piP2 

• Matrices 

For any matrix A = (uifc) (i, = 1, . . . n) we use the following notation: 

/ is the unit matrix, i.e. / = 6ik (sometimes, the unit matrix wiU be denote 
just 1); 

A~^ is the inverse matrix, i.e. A~^A = AA~^ = /; 

AT is the transposed matrix, i.e. a^fe = 

A* is the complex conjugated matrix, i.e. (a*)ifc = (uife)*; 

At is the Hermitian conjugated matrix, i.e. = a\^] 

H - Hermitian and U - unitary matrices should satisfy the following condi¬ 
tions: 

ift = H, 

U = {U^)-\ hence = U~\ UU^ = U^U = I. 
det A is the determinant of matrix A 
det A = 

_ g.ili 2 ■ ■-in ^kik 2 ■ ■-kn ...n- 

I ^iiki^i2k2 ■ ■ ■ ^inkn- 

n\ 

TrA is the trace of matrix A : TrA = an (= Ya=i The chief properties 
of the trace are as follows (below A and pi are parameters): 

Tr(AA + piB) = ATrA + pbTvB, 

TrA^ = TrA, TrA* = TrAt = (TrA)*, Tr/ = n, 

Tr(A5) = Tr(5A), det(e"^) = 

For any two matrices A and B the commutator [A, B\ and anticommutator 
{A, Bj are denoted as usual: 

[A,B] = AB - BA, {A,B} = AB A BA. 


3 



2 PAULI MATRICES 


2.1 Main Properties 

The Pauh matrices = 1,2,3) are generators of the group SU{2). The 
CTj are equal [1, 2, 3, 4]: 


0 -i 
i 0 


1 0 

0 -1 


The main properties of ai are as follows: 

cr| = cTi, TrcTj = 0, det CTj = —1, 

6i}z’ ^ 2 . 1 ) 

Using relation (2.1), one gets: 

— ^eikll T Sik(^l Sil^^k T ^kl^i^ 

Tr(n'jn'^) 2^^^, Tr(n'jn'^n';) 


2.2 Fiertz Identities 

The Fiertz identities for the Pauh matrices have the form: 


^AB^CD — ‘^^AD^CB — ^AB^CD, 

3 1 - - 

^AB^CD = ^SadScB — 2^AD^CB- 

Using (2.2), one can obtain the following relations: 

^AB<^CD — ^[^AD<^CBl~^AD^CB-\-ie <^aD^Cb\^ 
^AB^CD = ^{^AD<^CB ^AD^CB — ie <^aD^Cb\i 

SaB(^CD + PaB^CD = O-ad^CB + SadO'cBj 

^AB^CD — 2 ^ ^AD^CB ~ ^ ^AD^CB + 


( 2 . 2 ) 

(2.3) 
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2.3 cr+ and a_ Matrices 

The cr_|_ and cr_ matrices are defined as follows: 


0 -+ = 2(^1 +^^ 2 ) 


0 1 \ _ 1 
0 0 j ’ ~ 2 


0 0 \ 

1 oj- 


The relations for these matrices are given by 
= a^, Trcrj_ = 0, det crj_ = 0, 

[a±, o-i] = ±0-3, [a±, 0-2] = fo- 3 , [o-±, 0-3] = =F2 o-±, [a+, a_] = 0-3, 

{o-±,o-i} = ^, {o-±,o-2} = ±f/, {o-±,o-3} = 0, {a+,a_} = I, 

cr^ = = 0 , cr+cr3 = ~^+; (^3(^+ = 

+ ^ 3 ), 0 -- 0 -+ = - 0 - 3 ), 

{a+a_)^ = a+a_, {a_a+)^ = a_a+. 


For any parameter ^ one gets: 

ea;p(^y)o-±ea;p(-^y) = (T±exp{±^). 

If /(cr_|_cr_) (or /(cr_cr_|_)) is an arbitrary function of cr_|_cr_ (or of cr_cr_|_), and 
this function can be expanded into power series with respect to cr_|_cr_ (or 
with respect to cr_cr_|_), then 

f{(T+(T_) = /(O) + [/(I) - f{0)]a+a_, 

/(o-_o-+) = /(O) + [/(I) - /(0)]o-_o-+. 


2.4 Various Relations 

Any 2 X 2 matrix A can be expanded over the set {/, ai}: 


A — afyl + diCTiy 


where = |TrA, and ai = |Tr(crjA). 
Let cti be the 3-vector. Then 


= cosh 


sinh 


-{oLiO-i) = po +picri. 


(2.4) 
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The components of the 4-vector equal: 


Po = cosh V^, Pi = 
and we have 


sinh VI 




2 ->2 2 1 
-ai, Po -p =p =1, 




(2.5) 


a; = ln(po + \/^)- (2.6) 

Let p and g be two 4-vectors, and p^ = = 1, then 

(po + PiO-i)(?o + qkO-k) = ao + ai(7i = (2.7) 

where Uq = Po?o + (p^); = Po?j +Pj?o + i^^^^Pkqi, 3-vector (3i in 

the relation (2.7) is expressed through Uq 3'iid a as in (2.6). 


2.5 ^-dimensional Matrices 

Here we present the various properties of 2 X 2 matrices and [fi = 

0 , 1 , 2 ,3): 

n(;^ = (/,-n0; a^^^ = {I,ai), = 0, 1, 2, 3, (2.8) 

where ai are Pauh matrices. 

With the help of cr^-matrices any tensor in Minkowski space can be unam¬ 
biguously rewritten in spinorial form. In order to deal only with Lorentz- 
covariant expressions one should clearly distinguish between dot and undot, 
lower and upper Weyl indices. The e-symbol (see Section 1) used here for 
rising and lowering indices. 

The chief properties of the matrices are as follows: 


al^AA ^ AB AB ^ y. 

^ ^ BB’ AA 


(o-^^)t = (^^^)t = 


_ pi-y 


— uBB 

— CabC^b^ ; 

det = det 


1(-1), for;x = 0(l,2,3). 


For any 4-vector p^ one has: 

detp^cr^ = detp^n^ = p^. 
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Various products of matrices have the form: 


u -vCB I V -fj,CB B 

, 

-y-AC v I ^vAC u r\ uv cA 
^ ^CB = " B, 

u -CB _ AC B _ A 

^aA^^.bb^'^^ = ^^ab, = 4£iB, 

-,Aa-bb^As = Ae^^, 

^lA ^AB ^AB —uAA — iaBB^ _ 

^^i^BB^ ^ = 0 -^ 0 - eAB^AB = ^9^ ; 

— U^X—IA ^uX I ^IaX ^U, ^UJA ^X I '^uXlAO^P 

a^a a — g^ a -\- g — g^ a + le^ 

a^^^^EAC^BD^AD^BC ~ ^ad^bc^ac^bd)- 
The commutators of and matrices have the special notation: 


ImuB ^ -uCB _ .p^t^CB>^ ^ _(p^t^Ac^,. . _ p^i'Ac 

A V 


O' .^cr 


4 V“^c“ ^AC^ h ^ ^ ~ A 

The main properties of a^’' are as follows: 


0 , 


= “(^ 
A V 


,)• 


1 .. 


1 .. 


a°^ = -a\ = --e"’"^a\ o-°^ = --o-K , 

2 ’ 2 ’ 2 ’ ’ 




{a>^d''')A^ = g^’^SA^ + 

auK auK 

o'a ^kb — o-g Ska, 
e'^'^^Paxp = -2fo-^", e'^'^^^axp = 2f^^V 


p,uA ff.KB —fii^B g.KA 

k^ — cr j 


2.6 Traces of Matrices 


Trcr^ = Trcr^ = 2(0) for /i = 0(l,2,3), 

Tro-^"^ = Tro-^"^ = 0, Tr(o-^o-'^) = Tr(o-^o-'^) = 2g>^'', 

Tr(o-^^'^o-^o-P) = 2(c?^V^ + 

Tr(o-^'^o-^P) = Tr(o-^'^^^P) = 

2 
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2.7 Fiertz Identities for Matrices 

The Fiertz identities for equal: 


(2.9) 

From the relations (2.9) one gets: 

u -vBB ^ Be B c B-uvB , u,vB c B i n v\B-uXB 

= 2^ ^ i + ^A + ^ i; 

+ ^ABiej^c^'"''^ b) + {(^A^^CB)eAB 
ecB){eAc^’'^^ b): 

- iiAA-vBB ^ av AB ^AB I (^AC lJ-vB\ AB , ^AB(-u.vA ^CB\ 

a = -gf^ £ £ + (e o-^ )£ + e ) 

e,(^AC u\Csi-v\A dB\ 

2 (£ )(^ ); 


uACNz-j^Ai ^CBn /^^C_j^AC'i/-uAi ^CB\ 

(e 0-g )(o- ) = (e )(o-^ ) 
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3 DIRAC MATRICES 


3.1 Main Properties 

The main properties of the Dirac 7 -matrices are as follows [1, 2, 3, 4, 5]: 

= (3.1) 

= = .(t“)'=7“. (7‘)* = -t‘- (3.2) 

The commutator of the 7 ^-matrices has a special notation: 

(3.3) 

2 

The 7 ® matrix is defined as follows: 

5 _ '0123 ^ a 3 u, u /o .1 \ 

7 =^7 7 7 7 = 7'"7^7 . (3.4) 

The 7 ® matrix has the following properties: 

+rr =». ( 7 *)" = i, ( 7 ‘)' = r, b", 7 ‘} =». 

The Dirac conjugation of any 4 X 4-matrix A is defined as follows: 

A = 7 °AV. (3.5) 

From (3.5) one gets: 

7^ 7^ —7^ ... 7 ^ 7^ ... 7 ^7*^ 

/yCK,y/3 , , , ,y^,y5 , , , /y A ^ ,y^ , , , ^ ^ ^ ^ ^ 3 ^'^ —— 7 ^ . . . 7^7^ * * * 

In this Section for the string of the 7 -matrices we shall use the special nota¬ 
tion: 


S = S^= 7“^7“= • • • 7 “", = 7 “" • • • 7“^7“^. (3. 

Odd- and even-numbered string of 7 -matrices will be denoted as follows: 


I^odd ^ ^OLi^OL2 . . ,^OL2k+i^ geven ^ ^oli^ol2 . . . j°‘2k _ 
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3.2 Representations of the Dirac Matrices 

The non-singular transformation 7 ^ UjU^ connects the different represen¬ 
tations of the 7-matrices (Pauh lemma). Here we present three representa¬ 
tions of the Dirac matrices. 

• Dirac (standard) representation 


Id 


1 

0 



Id 


0 cr' \ 5 _ / 0 1 \ 

0 j ’ V1 0 y' 


• Chiral (spinorial) representation 


7 ^ = Uc^dUI, Uc 


+ Tt) 


1 



? 


7^ = 


7° = 


0 1 
1 0 


7 = 


1 + 7' = 2 


1 0 
0 0 


0 . 7^ = f 1 M 

0 J 0 -1 J ’ 



where matrices and were defined in (2.8). 
• Majorana representation 


7l = Um-TbUL 


Um 


1 


1 0-2 \ 
<T 2 -I J’ 


7 


0 


0 0-2 
0-2 0 


7 


fo-3 0 \ 

0 icTs j ' 


7 


3 


—iai 

0 




0 -0-2 \ 
^2 0 j ’ 


3.3 Expansion 0 /4 x 4 Matrices 

The following 16 matrices T^ (A = 1,. . . , 16) 

E 7^ r, 7V, (3.8) 


10 



are the full set of 4 X 4-matrices. 

The main properties of are as follows: 


Tr/ = 4, Tr7® = Tr7^ = Tr7®7^ = Tro-^"^ = 0 (3.9) 

Any 4 X 4-matrix A can be expanded over set of the T^-matrices: 

A = aol + + a^7®7^ + , (3.10) 

where the coefficients could be found from the following relations: 

do = ^TrA, ds = ^Tr(7®A), = ^Tr(7^A), 

d^ = -^Tr(7V^), = -T’'^ = -^Tr(o-^"A). 

4 8 

For the expansion of a matrix A one can use another set of F'^ (F^^ = 

a:, r, 

X = / + 7^ Y = I-jy l/^ = (/ + 7^)7^, v>^ = {I-j^)r, 

= 2X, = 2Y. 

These matrices have the following properties: 

= V^ = XY = YX = XU^ = YV^ = 0, 

TrX = TrF = 4, Trl/^ = Trl/^ = Tro-^"^ = 0. 

The expansion of any 4 X 4-matrix A over set of F'-matrices has the form: 

A = d,X + ayY + byU^ + CyV^ + 

where 

«,= tTr(XA), a,= tTr(rA), = tT^lz-A), c-= 

T"" = - 
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3.4 Products of the Dirac Matrices 


u ly 

77 

= 

+ a>^\ = 7^7^^ - 

^ U V' 

= 


7V^" 

= 



= 



= 

SV) - 

o-^"7'7^ 

= 

-(^^V7" - ^""7 V) - 


= 

g^^glSl^ _ g^l^gl^'' - 

+(^“ 


+ 

^ 2(c?“V^ - - f£“^^''7®). 


The totally antisymmetric tensor is defined as follows: 

= 7^"" + ^^"7" - ^^"7" + ^""7^ 

n 

7 = 1 loL, 1 1 = l^iuX- 

The products of the type YfA=i r^T^T^ are presented in the Table 3.1. 
Table 3.1. 


rn 

7^r^7‘> 

7^r"7'^ 



/ 

/ 

4 

-4 

-1 

7^ 

7^ 

-47® 

-47® 

-127® 

7“ 

-7“ 

-27“ 

-27“ 

0 

7^“ 

-7^7“ 

27^7“ 

27^7“ 

0 

0-“^ 


0 

0 

4 o ^^3 


So-called Chisholm identities are given by [5]: 

7^5""""7^ = 7^7^ 


(3.11) 

(3.12) 
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where in the last relation 
Using the relations (3.11) and (3.12), one gets: 

i^odd 
godd 

Using (3.11) and (3.12), one can write also the well known relations for 5*^, 

-2-f, = -stVt", 

^OL3^0L2^0Li^OH^ 

2(7“^7“^7“^7“^ + 7°'^7°'^7°'^7°'0; 

0 , = 27 ^“^, 7Y^“^7^. = 

3.5 Fiertz Identities 

Fiertz identities for 7 -matrices could be obtained from the basic formula: 

SijSki = ^[SiiSkj +7!i7lj +7ii7t,kj - (7V)i«(7^7^^)fcj - 

Using (3.13) one can obtain the well known relations: 

16 

r"r" = j: c„„rjr", ( 3 . 14 ) 

iV=l 

The coefficients Cmn are presented in Table 3.2, where we use the traditional 
notations: 

5 = /, P = 7 ^ U = 7 ^, A = 7V, T = a>^\ 


S\ S\ and 


7^7“7^4 

7^7“7^7^4 


7^(r“^7^ 


= Tr(5"""")/ - Tr(7'5"""")7^ 

= VSI?”* + lTr(p7“Sf'")7„p, 

= -pS’r’^P, for p^=0, 

= -lTr(7“5'»")7. + lTr(7'7“5'>'''')7„7', 

= VS?" + ^Tr(pSJ?'')p + iTr(7'pSJ?'')j^', 

= lTr(7“S'>'''')7„ + |Tr(7'7“S'>'''')7„7', 

+ S?* = lTr(7“S“")7„. 
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Table 3.2. 



II 

U 

r 

A 

P 

II 

I 

4 

1 

4 

1 

8 

1 

4 

1 

4 

u 

1 

1 

2 

0 

1 

2 

-1 

T 

-3 

0 

2 

0 

-3 

A 

-1 

2 

0 

2 

1 

p 

I 



I 

I 


4 

4 

8 

4 

4 


Using relation (3.13) one gets: 

(1 = 

1 [ 2(1 ± 7 ') 4 l ± 7 'fe + 2((1 ± 7 ') 7 '‘) 4(1 T 7 ‘) 7 .fe - ((1 ± 

^l^)kl = 

g [ 2(1 ± 7^)41 ± 7 ^),, + 2((1 T 7 ^) 7 ") 4(1 ± 7 ^) 7 .).i - ((1 ± 

(1 ± 7^)u(l =t l^)ki = ^[2(1 ± 7^)i«(l ± l^)kj - ((1 ± l^)o-^v)il(Tk^]., 

(1 ± 7')ij(l T 7')fc, = ^[(1 ± 7')7'']i/[(l T 7')7^.]fci, 

[(1 ±7®)7^]ij[(l ±7®)7^]fc, = -[(1 ±7^)7^]i«[(l ±7^)7^^]fcj; 

[(1 ± 7^)7^]u[(1 =F l^)l^i\ki = 2(1 ± 7^)i«(l =F l^)kj, 

(7^)ij(7^.)fc« + {l^l'')ij{l^lt^)ki = -[(7^)i«(7^.)fcj + 


3.6 Traces of the ^-matrices 

The trace of any odd-numbered string of 7 -matrices (including any number 
of 7 ® matrices) and trace of the 7 ® 7 ^ 7 '^ product are equal to zero: 

Tr^odd ^ Tr(5°‘^‘^(- • . 7 ® • • •)) = Tr( 7 ® 7 ^ 7 '^) = 0 . 


In this Subsection we use the following notation: 


rpy.iy. 2 ---y-n = -Tr( 7 ^^ 7 ^^ ... 7 ^"). 
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Then 


rpfiv _ gtiv rj^otPSa- _ _|_ g°^°'g^^ — 

rpaPSXpa- _ aPrpSXpcT _ aSrpPXpcr i aXrpPSper _ aprpPSXcr i acrrpPS\p 

ij ij ' ij ij ' ij ? 

Tr(7®) = 0, Tr(7®7^7") = 0, Tr(7®7V7S^) = 

Tr(7®7“l7“27“3^“4^a5^C>;6^ _ ^j^^gOLlOL 2 ^OL^OHOL^OLf, _ ^OLIOLS ^OL 20 LiOL!,OLe 
_j_^Q;2Q;3g.aiQ;4Q;5Q;6 _j_ ^ 0:4 0:5 ^cti Q;2Q;3a6 _ ^aiae ^ai 01201301 !, _j_ ^Q;5Q;6g.Q;iQ;2Q;3Q;4 ^ 

Tro-“^o-^'^ = 4(c?“V^ - 


Using the relation (3.13), one can rewrite the trace of the product of two 
4x4 matrices A and B as follows: 


4Tr(y45) = Tr(y4)Tr(5) + Tr(7®y4)Tr(7®5) + Tr(7^y4)Tr(7^5) 

- Tr(T'TM)Tr(7'7„B) - iTr(<r'‘-/l)Tr(<r^B). 

The additional equation can be obtained using the Chisholm identities (3.11) 
and (3.12): 


Tr(y47^5)Tr(7^5°‘^‘^) = 2[Tr(y45°‘^‘^5) + Tt{ASr'^B) . 


3.7 Dirac Matrices Algebra in n-dimensions 

In the framework of dimensional regularization one gets: 

Tr / = /(n), / ; /; /(4) = 4, = n, 

rr + rr = V", 

= (2-n)7“, 

= 45 ^“^ A {n- 4)7“7^, 

= — 27‘^7^7“ + (4 — n)7“7^7‘^. 
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4 THEORY OF SPINORS IN N DIMEN¬ 
SIONS 

Let En be n-dimensional complex linear normalized space. The cases of odd 
and even n should be considered separately. 

4.1 The Odd-dimensional Case : n = 2u 1 

• Isotropic planes 

Let vector x has coordinates x = [xq, Xi, ...,X 2 v)- The basis in £'21^+1 
can always be chosen so that the the norm squared of the vector x looks as 
follows: 

x-x = x'^E xix^j^i E ■■■ T x^X 2 v (4.1) 

A (hyper)plane is called isotropic if each vector in it has zero norm. 

Isotropic planes in £'21^+1 have not more thani/ dimensions. (4.2) 

So, one has the following natural decomposition of £'21^+1 into the sum of 
three spaces: 

E 2.+1 = (4.3) 

i.e., if a; G E 2 V +1 then 

X = X + x' + xoCq, where x G E^, x.' G E^^. (4-4) 

1/ 

X ’ X — ^ ^ XjX j “t“ Xq. 

i=l 

El and El^ are isotropic i/-planes: x • x = 0 and x' • x' = 0 . 

• Grassman algebras 

Let one consider Grassman algebra (algebra of external forms) on some 
i/-dimensional vector space E^,. An element ^ G Gi, has the form: 

i = A... (4.5) 

p=0 

here are components of antisymmetric rank p tensors. There are three 
important operations on Gv'. 
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A. External product. 

Let X G Fjj, ^ G G^, then a; A ^ G G^, the components of a; A ^ look as 
follows: 


(a; A + 

“l“( I)^®i3^i4....ip4.lili2 ~l~ ^ip^-l ^il ■■■■ip • (^•^) 

An element G Gi, is called p-form if its decomposition (4) has only 
p-th term. 

fi(p) = (-If^ 

B. G Gi, there exists the dual element which has the components: 


(Oil.. 


.i 


v—p 



..ijj—pXi —Ap^Ai — Xp • 


(4.7) 


C. If a; G G G^, then id[x) o ^ G G^, and has the following compo¬ 

nents: 

{id{x) o Oii....ip-i = ii....ip-ia;j (4.8) 

These operations satisfy the following relations [6]: 


a; A (a; A = 0, (4-9) 

fd(a;) o (fd(a;) o = 0, (4-10) 

id{x) o {y A 0 + y A {id{x) o = (aj^pi)^, (4-11) 


here Xi and yi are components of a;,p G F^,. 


* H) = A ... A e*-, 

p=0 

* (fd(a;) o (fiW)) = (-l)"(p+i)-ia; 

* (a;Afi(P^) = (-l)"(P+^0(a;)ofiW. 


It is also useful to introduce the operation Hq-. 

Hoi = E(-l)Oi....ipe'^ A...Ae'^ (4.12) 

p=0 

It satisfies the properties: 


Ho{xAi) + xA{Hoi) = 0, 
Ho{id{x) o i) + fd(a;) o (ifo^) = 0. 
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(4.13) 

(4.14) 



• Definition of a spinor 

For any x G E 2 V +1 one can define the operation Cliff{x) on Grassman 
algebra G^,'. 

Cliff{x)o^ = id(x) o ^ + x'A ^ + a;o^o(0; (4-15) 

where x, x' and Xq are defined in (4.4). From the properties (4.9 - 4.11), 
(4.13), and (4.14) and the the expression for the norm squared (4.1) one can 
easily derive the following property of operation Cliff: 

Cliff{x) o {Cliff(x) o = (x-x)^. (4-16) 

Let now an element ^ G Gi, be written as the column vector: 

^ ^0 ^ scalar 

one-form (covector) 
i — iiii 2 two-form (bivector) 

V 61....i„ / i^-form (i/-vector) 

• Such 2'^-component column vectors are called spinors in the space E 2 V +1 

One can now construct the matrix representation of the operation Cliff: 
the column vector corresponding to Cliff{x) o ^ should be written in the 
form where x is 2’' X 2’' matrix. So one has the representation 

X ^ X (4-17) 

of vectors x G E 2 v-\-i by 2’' X 2’' matrices which satisfies the fundamental 
property: 

XX = X • x^ (4-18) 

or, if one substitutes vector x -\- y instead of x here one can rewrite it in the 
form: 

xy-\-yx = 2x-y. (4-19) 

• 0{2v + 1)-transformations 

Let us start with the observation that 

= q^ + ‘^q-ll^ (4.20) 
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where q' is obtained from q by the reflection with respect to the 2i/-plane 
which is orthogonal to a unit space-hke vector I : P = —1. The representa¬ 
tion (4.17) of this formula looks as follows: 

= Si{q) = iqi. (4-21) 

Let Raia 2 = where p is the boost (or rotation) in (ai, a 2 ) plane (a^ = 
al = —1), which transforms ai into a2- Since any rotation is a composition 
of an even number of reflections, one can easily derive the relations: 

Raia2 = Sa2{Sai{q)) = ^20,1^0,10,2 = AqA~'^, (4.22) 

A = a2hi- 

Hence the action of reflections and rotations on spinors looks as follows: 

Si^ = Ri2hC = (4.23) 

• Geometrical interpretation: spinors are u-forms in E 2 v-\-i- 

The equation 

xfj = D (4.24) 

determines i/—dimensional isotropic plane for each spinor 

Indeed, if xf; = 0 and yif = 0 then, due to (4.19), x ■ y = Hence this 
hyperplane is isotropic. That it has not more than v dimensions is seen from 
the (4.2). i/-dimensional plane can be manifestly constructed for the case 
when only is not equal to zero. (Strictly speaking, this plane has exactly 
V dimensions only for so called simple spinors (spinor ^ is called simple, if 
rang of the system (4.24) is i/ + 1). However, each spinor is a sum of simple 
spinors, for v = 1,2 each spinor is simple. In general simple spinors in 
E 2 V +1 he in a ma nif old in the space of all spinors, which is determined by 
N = 2'^“^(2'^ + 1) — equations). 

The components of if can be interpreted as elements of the 
Grassman algebra on this i/-plane. 

One can also consider isotropic i/-forms instead isotropic i/-planes, that 
is equivalent. The i/-form corresponding to some isotropic i/-plane is the 
external product of the v hnearly independent vectors from this i/-plane. 
Proofs of all the statements hsted here can be found in [7]. 

• An analog with a fermion system [8]. 

One can also consider the Grassman algebra as the Fock space H[E) of a 
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fermion system with v degrees of freedom. Let now a] and ai be the creation 
and annihilation operators which satisfy the relations: 

{ai, aj) = 0, {a\, a]-} = 0, {ai, a]-} = 6ij. 

An arbitrary vector >G H[F) can be written in the form: 

i?>= (^- 26 ) 

p=0 

The operators A and id can be represented by the action of creation and 
annihilation operators: 

a; A ^ ^ Xia\\i > 
id{x) o ^ ^ Xiai\^ >, 


where Xi are components of vector x G 

The 7 -matricies in 2i/ + 1 dimensional space have the following form: 


7j = 
Ij+i' 


a'j + aj 



i 


72.+1 = (- 1 )"'. 


u 

where Np = ^ a] 

i=l 


(4.26) 

(4.27) 

(4.28) 


The a^i = ( 7 ^ 7 ; — 7 / 7 fc )/2 are generators of SO{2i' + 1), so one has natural 
realization of SO{2i' + l)-symmetry in H[F) in addition to usual Ih, whose 
generators are a\ai. 

• Invariant Forms 

A generalization of the matrix of charge conjugation can be defined as the 
matrix representation of the operation * in the space of spinors: 

= (-l)"'^-"-^«) (4.29) 


Its main properties are as follows: 

Cx = {-lyx'^c, = (-i)"^. 


Then 

is scalar in £' 21^+1 (i-e. with respect to (9(2i/+l)) if v is even, and pseudoscalar 
{2v + 1 -form) if v is odd. 
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4.2 The Even-Dimensional Case: n = 2u 

The space E 21 , can be considered as 2i/-dimensional hyperplane in 
which is orthogonal to some vector a. Each spinor G -£' 21^+1 can be repre¬ 
sented as the sum = ip X: where ip and x ^'^e eigenspinors of a: 

aip = ip, ax= -X- 

Only the i/-planes corresponding to eigenspinors of a he in E 2 v] an arbitrary 
isotropic i/-plane intersects E 21 , over some (i/ — l)-plane. In the language of 
external forms this idea can be formulated as follows. An arbitrary i/-form 
T on E 2 V +1 can be uniquely decomposed into two components: 

T = R-\- a A S, 

where R is i/-form, S is [u — l)-form, both are defined on £' 21 ^. The two forms 
R and S give the geometrical interpretation of a spinor in £ 21 ^- 

The fact that there exist just the two types of isotropic i/-planes in E 2 V 
(corresponding to spinors of the type ip and x) f^e consequence of the 
theorem that the representation of S0{2v) on i/-forms can be decomposed 
into two irreducible parts (self-dual and antiself-dual forms). 

The most widely used case in high energy physics is v = 2, a = 7 ®, ^ = 
u[p^n). Concerning the vector a;_|_ (see (6.11 - 6.13)) one can say that it 
determines the hue which is the intersection of the isotropic 2-plane corre¬ 
sponding to a spinor u[p^n) with (complexified) momentum space. 
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5 VECTOR ALGEBRA 


Let {pi,. . . ,Pn} be some basis and scalar products pi -pj define a matrix M\ 
Mij = Pi -pj. The dual basis is the set of vectors which satisfy 

the conditions: 

Ci ■ Pj Ci ■ Cj (-^ )ij- 

Then 


4- 


Pi-1,ctiPi+li-'-iPn I A 
Pi, . ,Pnl 


ni 


where Sometimes one needs to represent some vector Q in the 

form [9]: 

Qa. ='Pa -\- Va, 


where Va. is a hnear combination of pi, ...,Pm {m < n), and 1^ • p^ = 0 for 
i = 1, m. 


m = 1 
m = 2 

m = 3 


-p ^ 


V = 1 

“ Pi -pi PI *3 


' “ A2^P1P2^P1P2 As V T^‘^piP2P2ay 


T/ — J_^PlP 2 “ 
As °PlP2l3 


V = =d^fA'3P2P3„ _lXpii3p3„ _lXpiP2(3„ a 

' “ 2A3 P1P2P3 P1P2P3 A3 V PlP2P3-r 1 “ PpipsP3-r 2q; T^PpipsPa" Scty 


_ 1 ^1P2P3« 

A3°P1P2P3(3' 


5.1 Representation of 3-dimensional Vectors, Reflections and 
Rotations Using the Pauli Matrices 


• Vectors 

Any vector x in 3-dimensional Euchdean space can be represented in the 
matrix form: 


X 

det X 


X ■ a = X a = 


x^ + ix^ 


x^ — ix^ 


— X 


/ 2 I 2 I 2 \ 

— X • X = —[x-^ + ajj + ^sj; 


? 


where cr^ is the Pauh matrices (see Section 2). 

The fundamental property of this representation is 


[xf = X ■ X I, hence xy -\- yx = 2 [x -y) I. 


(5.1) 
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One should also note that 


xy — yx = 2i X X y. 

If components of x are real, then x^ = x. However, in some practically 
important cases = 0 and, hence, x-x = 0, components of x are complex, 
say, x^ = ix°. Then the matrix 

\ 

) 

represents a vector from 3-dimensional space-time, in that case x^ ^ x. 

• Reflections 

Let X be an arbitrary vector and S be the plane orthogonal to some unit 
vector s. Then, vector x' which results from x after the reflection in the 
plane S is equal to: 

X = X — 2{x^s, 

or, in the considered matrix representation 

X = —sxs. 



• Rotations 

Let p and g be the two unit vectors with the angle 0/2 between them: 

= q^ = 1, (p^ = cos(0/2). 

Since any spatial rotation is a composition of two reflections, the rotation by 
the angle 6 in the direction from p to ^is given by the matrix 

M = qp, 

i.e. an arbitrary vector x transforms as follows: 

X = MxM~^ = qpxpq. 

The matrix M can be rewritten in widely used form: 

M = qp = q • p I iSqpr'f' = cos(0/2)/ — i rta sin(0/2), (5-2) 

where n sin(0/2) = pxq, —tt < 0 < tt, positive values of 0 correspond 
to counterclockwise rotations if one sees from the head of vector n. 

So, we get the two forms of representation of a spatial rotation: 


23 



• The rotation by angle 6 about a unit vector n is given by 

M = cos(0/2)/ — ina sin(0/2). 

• The rotation in the plane of unit vectors p and q which transforms p 
into q is represented by 


M = 


I + iv 

^2(1 + q-p) 


5.2 Representation of ^-dimensional Vectors, Reflections and 
Rotations Using the Dirac Matrices 

• Vectors 

4x4 matrix x, which represents the 4-vector in Minkowski space looks 
as follows: 


/ 


X = = 


—x° — x^ —x^ + ix^ \ 


—x^ — ix^ —x^ + x^ 


—x^ -\- x^ x^ — ix^ 0 0 

0 


y 


(5.3) 


V + ix^ —x^ — x^ 0 

This matrix satisfies the fundamental property 

[xf = X • xl xy -\- yx = 2 X • y. 

• Reflections 

Using the relation (5.3) one can easily derive formulas for the reflections in 
3-hyperplanes. Let x^ be an arbitrary vector and S be the 3-hyperplane 
orthogonal to some unit vector s. Then, vector x' which results from x after 
the reflection in the hyperplane S is equal to 

X = X — 2 X ■ s s, 

or, in the considered matrix representation 


X = —sxs. 


• Lorentz transformations 

Let p and q be the two unit space-hke vectors: 

p.p = q.q= - 1 . 
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Lorentz transformation, which is a composition of the reflections in 3-hyper 
planes determined by the vectors p and q is given by the matrix: 

M = qp, 


i.e. an arbitrary vector x transforms as follows: 

X = MxM~^ = qpxpq. 


The Lorentz transformation in the 2-plane (deflned by the vectors p and q) 
which transforms p into g, is represented by 


M 


I + qp 

^2[l + q-p)' 
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6 


2-COMPONENT SPINORS 


6.1 General Properties 


The representation (5.2) of spatial rotations acts on two-component column- 
vectors: 

^ ui \ 


u = 


U2 


which are called spinors (see [10] for details). 

So, the matrix M in (5.2) can be written in the form 


M = 


Mt = M-^ hence M* = 

The e-tensor (see Section 1), which defines 5'f/(2)-invariant scalar product 
on spinors has the form: 


/ cos(|)—rnssind 

(n2-mi)sin(|) 

f - 1 

^ a 


y -(ua +mi) sin(|] 

cos(|) + m3 sin(|) 

) - 1 


a* ) 


e = 


0 

-1 


The main properties of the e-tensor are as follows: 


ee 




ex = X e. 


For each matrix x corresponding to a vector x and for each matrix M corre¬ 
sponding to a rotation, one has 

eM = {M^Y^e. (6.1) 

M G SU{2) (M^)“^ = M* and this relation imphes that this repre¬ 

sentation is equivalent to its complex conjugate, i.e. the conjugate spinor 
u' = ieu* is transformed with the same matrix M as u. 

So, the bihnear form on spinors 

{u,v) = Yv = uYiU 2 V 2 (6-2) 

is Hermitian 5'f/(2)-invariant form, while the form 

{u^v) = ev = (6-3) 

is also 5'f/(2)-invariant, but not Hermitian. Both these forms are not invari¬ 
ant with respect to reflections. 
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6.2 Spinors and Vectors 

The object uv'^e transforms as a vector under the reflections and rotations 
provided that u and v are spinors: 

u Mu, V Mv, (6-4) 

^ Muv^eM~^. 

Hence, for any spinor u the relation ^ = uu^e defines the vector ( Tr ^ = 
uu^e = u^eu = 0). The basic property which connects spinor u and vector 

C is 

iu = 0 (6.5) 

Since ^{^u) = (^-^)'ti = 0 ^'^ = 0; vector ^ should have complex 

components. So, this relation expresses 

equivalence between 2-component spinors and 
(complex) zero-norm vectors. 

3x3 matrix of spatial rotations 0(n, 6) looks as follows: 

/ nl nin2 niUs \ [ ^ ^2 

0 = cos 0 / + (l —COS 0 ) n 2 ni nl 712713 +sin0 77.3 0 —tj-i 

\ 77377.1 77.377.2 77.3 / \ -77.2 77.1 0 

Eigenvalues of this matrix are 1 and Eigenvector ( 77 . 1 , 77 . 2 , 77 . 3 ), corre¬ 

sponding to the eigenvalue 1 directs the axes of the rotation. The other two 
eigenvectors have zero norm and correspond to eigenspinors of matrix (5.2). 
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For each L : det L = 1 matrix x' = L'X.L^ is Hermitian if x is Hermitian, and 
det x' = det x. Hence x' = Kx, where A is some Lorentz transformation. So, 
2x2 matrices 

give the representation of Lorentz group on two-component spinors (i5'0(3,1) 
~ SL{2, (7)/.Z2, both L and —L correspond to the same Lorentz transforma¬ 
tion). 

The relation 

T 

ex = X £ 

is also valid in four dimensions, as well as 

eL = {L^)-^e VLe5L(2,C'). 

However, in contrast to SU{2), {L^) ^ 7^ L* , and 

the SL[2, C) representation of Lorentz group 
is not equivalent to its complex conjugate one. 


Subsequently, one should differentiate 2-spinors, which are transformed with 
the matrix L from that which are transformed with the matrix L*. Here 
and below they will be denoted with the help of undot and dot indices, 
corresp ondingly: 

T B T * B 

'll A ^ J^A ^B-} '^A ^ ^ A ^B 


The form 


{u,v) 


= u 


ev = UqVi — UiVq 


is Lorentz (5'L(2, C)) - invariant, while a Hermitian SL{2, (7)-invariant form 
on two-component spinors does not exist. 


6.4 Self-dual and Anti-self-dual Tensors 

The representation of Lorentz group on antisymmetric second rank tensors is 
reducible and can be decomposed into two components. Any antisymmetric 
tensor can be written as 




= F+ -L p- 


( 6 . 6 ) 
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where 


=- [F ±-e F'^ 

The F+ is self-dual, while F^^ is anti-self-dual: 

= TifJ?. (6.7) 

Each of these irreducible tensors has three independent components which 
transform through each other under Lorentz transformations. The corre¬ 
sponding second rank spinors look as follows: 

•pAB = F;I^Tb, pAB = F;.^i- ( 6 . 8 ) 

where and matrices are defined in Section 2. Note, that 

Ft^AB = % F;:.'^iB = ^- 

For example, selfdual electromagnetic field tensor describes photons with 
negative hehcity (EJ = —iB)^ while anti-selfdual electromagnetic field tensor 
describes photons with positive hehcity [E = iB). A selfdual tensor in matrix 
form looks as follows: 





/ 

0 

—iF23 

iFi3 

—iFi2 

\ 


iF23 

0 

Fi2 

Fi3 



—iFi3 

— Fi2 

0 

F 23 


V 

iFi2 

— Fi3 

— Fi2 

0 

/ 


6.5 Correspondence Between 2-spinors and ^-hivectors 

Using a 2-spinor uj^ one can construct symmetric traceless second rank spinor 
(f^AB = Then one can transform it into the selfdual tensor with 

the help of cr^'^-matricies: 


(6.9) 

This tensor can be represented in the form 
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here k = uu^, = ur^ k-k = Q.-Q. = k- Q. = 0, where the gauge 

spinor r is determined by the requirement 

uatb-taUb = eAB- ( 6 . 10 ) 

The gauge spinor ta is defined up to the transformations ta ^ ta -\- 
hence the vector is defined up to the transformations + Xk^. 

Tensor does not depend on the arbitrariness in spinor ta and vector . 

For example, can serve as a (gauge dependent) polarization vector of 
a photon with momentum k, - as electromagnetic field tensor describing 
this photon. 

6.6 Isotropic Tetrads in Minkowski Space 

Any ordered pair of hght-hke vectors k^ and k ^: 

kl = 0, kl = 0 , k^-k2 = 1 / 2 , 

determines another pair of hght-hke (complex) vectors and a;^!, which are 
orthogonal to both k^ and k^- 

a;_|_ • a;_|_ = 0, a;_ • a;_ = 0, a;_|_ • a;_ = —1, 
a;_|_ • fci = 0, a;_ • ki = 0. 

It is sufficient to require that the antisymmetric tensors 

and 

are self-dual: 

fcia>+(l - 7®) = fc2‘^-(l - 7^) = 0, (6-12) 

while tensors 

and — ^ 2 ^+) 

are anti-self-dual: 

fcia>_(l + 7 ®) = fc 2 ‘^+(l + 7 ®) = 0. (6.13) 

One should note that 

a;+(fc 2 , kl) ~ a;_(fci, ^ 2 ) and a;_(fc 2 , ki) ~ a;+(fci, ^ 2 ). 


( 6 . 11 ) 
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• Vectors a;_|_ and a;_ are determined by ki, ^2 and requirements 
(6.11 — 6.13) up to a factor. 

The vector a;_|_(a;_) can be interpreted as the polarization vector of the photon 
with momentum ki and positive (^negative) hehcity (in the gauge (^ 2 ^) = 0 ). 
The exphcit expression for can be obatained by using another arbitrary 
vector q\ 

= ^ 5 = (^1 • ^ 2 ?^ - ? • ^ 2^1 - ? • ^ 1^2 ( 6 - 14 ) 

where 

^3 = • ^ 2(2 ki ■ q k 2 ■ q- q-q ki ■ ^ 2 ), 

and A 3 ^ 0 . 

In spite of the presence of an arbitrary vector q in (6.14) both a;_|_ and a;_ 
are almost independent on q: if q varies they acquire only a phase factor. 
Formula (6.14) can be rewritten in the equivalent form (compare with [11]): 


a;± = 


. I . - 1 ± 7®' 


The following relations are also valid: 

= k'^k'^ + kl^k’; - ■ k2 - 

a)_|_a)_ 7 ® = I — 'y^ — 2 kik 2 . 

For an arbitrary vector one has: 

^ --u;_-p, = ^a;+-p, 

2 2 

^kru,+ u,.p ^ -iki-p, = ik2-p, 

or, in equivalent form 

11-^ . 1 + 7 ® 11-^ -^1-7® 

kik2U}_ = a;_—^—, kik2UJ+ = uj+ — - —, 

fciA_|_A_ = —ki -^ 2 ^+^- = ~^2— ^ . 


(6.16) 


(6.16) 

(6.17) 

(6.18) 
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Let o and i are two arbitrary 2-component spinors which satisfy the relation 


Oa^b — i^A^B — ^AB- 


Then the vectors 


ki = 0 ^ 0 ^, k2 = lal\, = V2oAi\, = V2lao\ 


A^ 


satisfy all the above mentioned properties. 

There always exists a basis, where all these vectors and spinors look as fol¬ 
lows: 


o = 



L = 


0 

1 


? 




a;+ 


2(1. 0. 0. 1). 

^( 0 ; h 0 ), 


k2 

a;_ 


2(1. 0. 0. -1). 
^(0, 1, -i, 0) 


32 



7 DIRAC SPINORS 


7.1 General Properties 

Dirac spinors u[p^n) and v[p^n) describe the solutions of the Dirac equation 
with positive and negative energy: 

[p — m)u[p,n) = 0, [p-\-m)v[p,n) = 0. (7-1) 

They are functions of 4-momentum p^ on the mass shell = \/p^ + . 

The conjugated spinors are defined as follows: 

to - to 

u = 'n '7 , n = n '7 , 

u(jp^ n)[p — m) = 0, v(jp^ n){p + m) = 0, 

and the normalization condition is chosen, so that: 

u{jp,n)u{jp,n) = +2m, 

t;(p, n)n(p, n) = —2m. 

Symbol n stands for the polarization of the fermion. The axial-vector of 
the fermion spin is defined by the relations: 

u{p,n)'j^'j^u(^p,n) = mn^, 

n ■ n = —1, n • p = 0. 

The spinor 'n(p, n) describes a fermion with momentum p and the vector of 
spin n. The spinor v{jp,n) describes an antifermion with momentum p and 
the vector of spin —n. (One should note, that axial vector n describing spin 
of a fermion has only spatial non-zero components in the rest frame of this 
fermion. However, it transforms together with the vector p under Lorentz 
transformations.) 

Spinors u{jp,n) and v{jp,n) satisfy the following relations: 


u{p,n)u{p,n) 

(p + m) (1 + 7®7i) 

2 ’ 

(7.2) 

v{p,n)v{p,n) 

(p - m) (1 + 7®7i) 

2 ’ 

(7.3) 

tn 

II 

nj^v(^p,n) = v(^p,n), 

(7.4) 
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as well as the Gordon identities: 

7 ^ 'W'(p 2 ,'n' 2 ) 

= [(Pi +P2T + -P2U u{p2,n2), 

u{Pi,ni) 7 ^ 'j^u{p2,n2) 

= [(Pi -P^Tl^ + +P2)i^7^l 'l^{P2,n2), 

Both + mn^ and p^ — are hght-hke vectors. Another couple of hght- 
hke (complex) vectors a;_|_ and a;_ determined by p^ + mn^ and p^ — 
are described in the Subsection 6 . 6 . 

Using the vectors one can obtain the following identities: 

-n) = -v^n(p,-n), a>+n(p,n) = -v^'n(p,n), (7.5) 

a>_'n(p,n) = -\/ 2 n(p, n), a>_n(p, —n) = \/2u[p,—n), (7-6) 

a>_|_'n(p, n) = a>_|_n(p, —n) = u;_u[p,—n) = u;_v[p,n) = 0. (7.7) 

Let us now introduce the spinors: 

'P±(P,'^) = ''^(P,'^) ± '^(P, 

'^±{p,n) = u{p,-n) ± v{p,n). 

They satisfy the following relations: 


(p + mn) (p+ 

= 2(p_, {p — mn) (p- 

= 2<p+ 

(p + mn) (p_ 

= {p-mn)ip+ = 0, 


ip + mn) V’+ 

= 2'^_, (p — mn) 

= 2^^+ 

(p + mn) 

= (p — mn) = 0, 


u;+ip+ 

= d;+(p_ = 0, 


u;_ip+ 

= n/ 2V’+, a>_(p_ = - 

1 

1 '^ 

7 

d;_V’+ 

= = 0, 


‘^+V’+ 

= -v^(p+, a>+V’- = 

n/2<P-, 

(1+7®) ip+ 

= (1 - 7 ^) 'P- = 0, 


(1 +7®)V’- 

0 

II 

- 1 - 

1 

T—1 

II 



Since p^-\-mn^ and p^ — mn^ are hght-hke vectors, spinors and satisfy 
the massless Dirac equation. (p_|_ and describe its right-handed solutions, 
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if- and - left-handed solutions. In chiral representation they look as 
follows: 


= 






A 

0 




i’+ A \ 

0 )' 


where ip_ a and A are two-component spinors. 


7.2 Bilinear Combination Decomposition 

Using the vectors one can write down the expressions for the bihnear 
spinor combinations of the type: 

u{pi,ni)u{p2,n2) = 5 + + ^^ 7 ^ 7 ® + P 7 ®. (7.8) 


There is very important case, when all the four vectors pi, p 2 , rii and n 2 
he in a single plane (this case corresponds to spin-flip and spin-non-flip 
amphtudes). 

Let us denote the polarization vectors which he in the 2-plane of the 
vectors pi and p 2 through Ni and N 2 . They satisfy the conditions 


Ni ■ Pi — N 2 • P 2 — 0 , — NI — — 1 , 


and look as follows: 


N>^ = 


Pi ■P2 ^ 
- Pi 

mi 


'miP2 


m = 


Pi ■P2 ^ 

- P 2 

m 2 


m2Pi 


(7.9) 


where 

A = ij{pi ■p2y -mlml. 

A fermion with the momentum pi and an arbitrary polarization vector n, in 
general, can be represented as a superposition 


u{pi,n) = au{pi,Ni) + ^ u{pi, -Ni), 


where the coefficients a and /? depend on the polarization n. So, to describe 
the full set of hehcity amphtudes one can restrict the consideration to the 
following four cases: 

ni = ±Ni, 712 = ±-/V2. 
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Then one has: 


uu 


(±,±)= u 


. 1 ±7® . 1 =F7 


3- —+mifc2-m2fci 




-lih7® - - 1 =P 7 ® 

uu{±,^) = {j+ki +mi)k2 —T - \-{j-k2 + m2)ki —-—. 


where 


(7.10) 

(7.11) 


3± 


VPi • P2 + mim2 ± VPi ’ P 2 - mim2 


V 2 


2A 


mi . 


3+Pl - j-P2 ] : K = 


m 2 


2A 


m 2 . 


3+P2 - 3-Pi , ki-k 2 

mi 


1 

2 ' 


Left hand sides of the equations (7.10) and (7.11) are given in a brief form: 
for instance, the symbol uu[-\-^ —) denotes u(^pi,ni = +lVi)'iZ(p 2;^2 = —N 2 ). 
The vectors u;< and a;_ are determined by Oi and N-i with the help of relations 

(7.5 - 7.7) [12, 13]. 
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8 GELL-MANN MATRICES 


8.1 Main Properties 


The Gell-Mann 3 X 3 matrices \i{i = 1, . . . , 8 ) are generators of the group 
SU{Z). Their properties were presented elsewhere [3, 4, 14, 15, 16]. 

Usually in QCD instead of one deals with matrices U: 


U = 


1 

2 


Ai. 


Eight Xi matrices equal: 


/ 

' 0 

1 

0 \ 

/ 

' 0 

—i 

0 \ 


' 1 

0 

0 \ 

II 

1 

0 

0 

II 

i 

0 

0 

; ^3 = 

0 

-1 

0 

\ 

. 0 

0 

0 / 

\ 

. 0 

0 

0/ 


. 0 

0 

0 / 


1 

0 

1 ' 

\ 

1 

0 

—i ' 

\ 

1 

0 

0 \ 

II 

0 

0 

0 

cn 

II 

0 

0 

0 

05 

II 

0 

0 

1 


V 1 

0 

0 . 

/ 

V ^ 

0 

0 . 

/ 

V 0 

1 

0 / 


i 

( 

0 


1 

/ 1 

0 

0 \ 

II 

0 

0 

—i 


0 

1 

0 

1 

1 0 

i 

0 } 

10 

0 

- 2 ; 


The main properties of U (or A^) are as follows: 


t] = ti, det U = 0, (f = 1 ,. . . , 7), det tg = — 
t^] = {P, 

3 


12^3’ 


( 8 . 1 ) 


where is totally symmetric (anti-symmetric) tensor. The non-zero 

elements of and are equal to: 


/l23 = 
<^146 = 

dii8 = 


1; /l47 = —fl56 = /246 = /257 = fsiS 

dl57 = —^247 = ^256 = <^344 = (^355 = 

^228 = dss8 = —dsSS = ^448 = d 


— —f367 — 2 ? /458 — 
-dsee = -dsrr = 

558 = ^668 = drrs = ~ 


fers — 


1 


2 ’ 
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Throughout this Section we use two additional notations: 

^a 6 c__ 0 

5'(aia2 • • • . . . t“", SR{aia2 ■ ■ ■ a^) = . 

Thus from (8.1) one has: 

6 2 ^ ^ 6 2 


( 8 . 2 ) 


8.2 Traces of the t°'-matrices 

Trace of any string of t“ matrices can be evaluated recursively using the 
relation (8.2): 


Tr5'(aia2 • • • ttn) = ^“"Tr5'(aia2 • • • an-2) 


(8.3) 


_j_ —^“"*’Tr5'(aia2 • • • ®7i.-2^)- 


Using (8.1) and (8.3) one gets: 


Tr(t“) = 0, Tr(t“t*’) = Tr(t“t*’t'=) = ^ (d“*’'= + f/“*’'=) = 

2 4 4 

Tr(t“t*’Ut‘^) = — 

^ ’12 8 

m /laibicic/ie'v _ ^ labccde , ^ cab icde , ^ jabninckikde 

^ ~ M 2i ^16 


8.3 Fiertz Identity 

The Fiertz identity for t“ has the form: 

tikt‘ji = ^i^ii^kj - :^SikSji). (8.4) 

Any 3 X 3 matrix A can be expanded over set {/, t“}: 

A = a^I + a^U, where Uq = -TrA, = 2Tr(UA). 

3 

Decomposition of the two ui and Ui color spinors products into color-singlet 
and color-octet parts has the form: 

uiu^ = V2e%, 
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8.4 Products of the t'^-matrices 

The product of n matrices could be written in the form Uq + using the 
following relations (see ( 8 . 2 )): 

S{aia2 . . .aP) = • • • “ 71 - 2 ) + • • • an-2k)- ( 8 . 5 ) 

Thus, the products of two, three, and four matrices equal: 


Pd’ 

PdP 

PdPtd 


6 2 ^ ^ ^ > 6 2 
^ cabI ^ -\- ^ 

6 12 4 

^ cab ccd I ^ labkikcd , ^ [labkccd , cabicdkiik 

36 ^ M ^ 12 ^ ^ ^ 


j^ hP^hf^dkhr^kp^p 

8 


The products of the type PSd have the form: 


dsd = 2Tr(5) - ^5, 

dd = -i, dpd = --p, = 

3 6 4 6 

dpdpd = - ^‘’'dp, 

8 6 

p^ap^cp^k _ _ ^ ^ap^cp i ^ cab ccd i ^ rabnrncd 

~ 6 ^ 16 


The products of the type SS^ (here 5*^ is denoted any permutation of the 
^“'-matrices) are given by 


j^ai ^a2 ^a-n 

pdpd = - 


^a-n 

pddp 

9 



n 

? 


16 

T 


I. 


The products of the S{abc)S^{abc) and S{abed){abed) are presented on 
the following tables (in these tables symbol {abe) stands for Ppp, etc). 

Table 8.1. 
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The products of the (a6c) on the (a6c)^. All products are contain the com¬ 
mon factor A/, 


[abc) 

10 

[bac) 

1 

[cab) 

-8 

[acb) 

1 

[bca) 

-8 

[cba) 

64 


Table 8.2. 

The products of the (a6cd) on the (a6cd)^. AU products are contain the 
common factor A/, 


[abed) 

-14 

[bacd) 

+31 

[cabd) 

-5 

[dabc) 

+40 

[abdc) 

+31 

[bade) 

+ - 

~ 2 

[cadb) 

1 

2 

[dacb) 

+4 

[acbd) 

+31 

[bead) 

-5 

[ebad) 

1 

2 

[dbac) 

+4 

[aedb) 

-5 

[beda) 

+40 

[cbda) 

+4 

[dbca) 

-32 

[adbc) 

-5 

[bdac) 

1 

2 

[edab) 

+4 

[dcab) 

-32 

[adeb) 

1 

2 

[bdea) 

+4 

[cdba) 

-32 

[deba) 

+256 


8.5 Convolutions of and with t°' 

The convolutions of the coefficients and with the ^“-matrices equal: 

jabc^c ^ ^ jahc^c ^ 


2 ’ 

jabkjkcl^l ^ ^ ^ ^ ^c^b^a^ _ l^afccj _ ^ 


ia±b 


cab 




^abk j^kcl^l 

jabk^kcl^l ^ + tW - tW + 

fabkfkcl^l ^ ^ ^ 

If) 8 

jabcta^btc ^ _J fo-bc^a^b^c ^ 2iT =-/, 

9 9 

^afcc^a^fc = pbc^a^b ^ J^abc^a^b ^ _‘f^c 

6 2 ’ 3 

The Jacobi identities for the coefficients and equal: 

fabkfkcl T fbckfkal T fcakfkbl dj 
dabkfkcl T dhckfkal T dcafc/fcfc/ — 0. 
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The various relations of a such type were presented in [15]: 

^abk^kcl ^bck^kal ^cak^kbl ^{^^ab^cl H~ ^ac^bl H~ ^al^bc^j 

U,h., = - «.,&) + 

^^abk^kcl ^ac^bl H~ ^al^bc ^ab^cl H~ fackfblk H~ falkfbckj 
^aac faac ^abcfabm 0. 


faklfbkl 

5 

3 Sah d^udmi = fat, 

fpakfkblflcp 

d^,huK = 

dpakdkblflcp 

^fabcj ^pa/c^/c 6 /^/cp ^do^ijQ.^ 

dpiqdqjjjidjjiJ^ldilp — 

^^(^\ 36 ij 6 kl '^^ik^jl ~\~ d{]^jjidjjiji^ 

dpiq dqjjYi djji]^i ftlp 

^2 ( dij-TYifrYikl ~\~ dn^YYifjYijl -\- ^d{ljjifjjijjfjj 

dpiq dqjjYi diip 

-{-2Uij6ki + mikSji - 6u6jk) 


d^J,Jrr.Uktdtl^ 

fpiq fqjm fmkt ftlp 


~\~ ^{^dij^Yndjjiji ^diijYidjYijk^ •} 

= \{dikrr.frr.U + durr^Ujl 


jabcjabc _ ^ Jabc Jabc _ 24 

J^abcJ^abc _ _ 32 j^abcj^bac _ 112 

^abk ^klc^cbn 2 ^ ^abk ^klc^cbn Jnla q 

^abk^klc Jcbn Jnla 2Q ^abk jklc^cbn Jnla 2Q 

Jabk jklc Jcbn Jnla q Jabk jklc Jcbn Jnla gg 

J^abk J^klc J^cbn J^nla _ _^ 


8.6 Invariant SU{S) Tensors 

Following the results of [15] we present here the 5'l/(3)-invariant tensors of 
the third, forth, and fifth ranks. 


41 



There are two independent tensors of the third rank [Hiki): 

= and H^S = fiki. 

There are eight independent tensors of the forth rank: 

^ijkl — ^ijkl — ^ik^jh ^ijkl — ^il^jki H^jkl — dij^dklm: 

tt(^) _ J J _ /7 f _ /7 f _ /7 f 

■^ijkl ^ijkl ^ijmjklm') ^ijkl ^ikmjjlm) ^ijkl ^ilmjjkm- 

The convolutions of these tensors of the type are presented 

by following matrix: 


= 


64 

8 

8 

0 

40 

3 

0 

0 

0 

8 

64 

8 

40 

3 

0 

0 

0 

0 

8 

8 

64 

40 

3 

fo 

0 

0 


0 

40 

3 

40 

3 

200 

9 

20 

3 

0 

0 

0 

40 

3 

0 

40 

3 

20 

3 

200 

9 

0 

0 

0 

0 

0 

0 

0 

0 

40 

-20 

20 

0 

0 

0 

0 

0 

-20 

40 

-20 

0 

0 

0 

0 

0 

20 

-20 

40 


There are 32 independent tensors of the fifth rank (i/i- 


’‘’ijklm 

’‘’ijklm 

’‘’ijklm 

nh 

'‘'^ijklm 

'‘'^ijklm 

'‘'^ijklm 

'‘'^ijklm 

'^ijklm 

'^ijklm 

'^ijklm 

^ijklm 


^ij ^klm j 
^il^jkm j 
^jm^ikl J 
dij k J 

Sjkfilm, 

Simfjkl, 

Skmfijl, 

fikpfpjtftlm, 

fkjpfpltftim, 

dijp dp]^i diijjrj^ J 

dikp dpit dijjYi J 


’‘’ijklm 

’‘’ijklm 

’‘’ijklm 

'‘'^ijklm 

'‘'^ijklm 

'‘'^ijklm 

'^^ijklm 

'^ijklm 

'^ijklm 

'^ijklm 

'^ijklm 


^ikdjlm J 
^jldikmj 
^kl dijm J 
Sijfklm, 

Silfikm, 

Sjmfikl, 

Slmfiik, 

fijpfpltftkm J 

filpfpjtftkm, 
dikp dpjt dtlm J 

dilp dpj I /jTTi, • 


’‘’ijklm 

’‘’ijklm 

’‘’ijklm 

if (^2) 

'‘'^ijklm 

'‘'^ijklm 

^ijklm 

^ijklm 

'^ijklm 


^ikdilm J 
^imdjkl J 
^kmdijl J 

Sikfjlm, 

^jlfikm J 

Sklfijm, 

fijpfpktftlm J 

fikpfpltftjm, 

fijpdpktftlm, 

dijpdpiidij^jji J 
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9 STANDARD MODEL LAGRANGIAN 


In this Section we present the basic Lagrangian of the Standard Model(SM), 
corresponding to the SU{Z) X SU{2) X U{1) local gauge symmetry (see, for 
example, [3, 4, 17]). The algebra of the semisimple group SU{Z) X SU{2) X 
17(1) is generated by GeU-Mann matrices = |A“ (a =1,...8) (Section 8), 
Pauh matrices = cr^/2 (Section 2) and hypercharge Y with the following 
commutation relations 



r 




i 

i 

= [f,y| = 0 . 


The fuU SM Lagrangian has the form [3, 4]: 

C = Cg Cr + C-H + C-M + C.gr + C-rv- ( 9 - 1 ) 


Here Cg is the Yang-Mills Lagrangian without matter fields 


- lF;„(G)Fr(G), (9.2) 


where F^^{G), F^^{W°) are given by 

FU^) = d^Wt-d^Wl + gC^'^W^W!:, 

F,.{W^) = d,W^-d.W^^, 

F;.{G) = d^Gt-d.Gl + g.r^^^GlGl, 

with W^, LL° the SU{2) X 17(1) original gauge fields and the gluon fields. 
The infinitesimal gauge transformations of these fields are given by 


= d,e{x), 

sw; = d^F - gc^'^e^wl: = ir^{w)e^ 

SG; = d^F-gsr^^e^Gl = Vf{G)e^ 

Here T^(LL) and 7^“^(G) stand for the covariant derivatives, g^ and g are the 
SU{Z) and 5'17(2) gauge couphng constants, respectively, e and are an 
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arbitrary functions depending on the space-time coordinates. It can be easily 
checked that Lagrangian (9.2) is invariant under these gauge transformations. 

Lagrangian C,j: describes couphng of fermions with gauge fields. For 
simphcity we shall consider one lepton generation, say e“ and i/g, and three 
quark generations. Fermions constitute only doublets and singlets in SU{2) X 

m 


R 

Ri 



(?/) R j Ri — (?i) R ; Ll 


> qi ^ 

V yu<ii 


where L and R denote left- and right-handed components of the spinors, 
respectively: 

1 ± 75 

eR,L - —^—e. 

The neutrino is assumed to be left-handed, while right-handed components 
of both up- and down-quarks enter in the Indices / and i numerate three 
quark generations: I,i = 1,2,3, and I{i) refers to the up (down) quarks. A 
possible mixing of quark generations was taken into account by introduction 
of Kobayashi-Maskava matrix Vu (see, for example, [4, 18] for details). The 
infinitesimal gauge transformations of fermion fields looks as follows: 




^'4^ quark 


{^g'^e{x) + ig^e\x^ ipi^p, 

+ i9st°‘0°‘{x^ i'quark, 


where g' is 17(1) gauge couphng constant. Obviously, lepton and quark fields 
belong to the fundamental representation of the SU{Z) X SU{2) X 1/(1). Under 
the requirements of the SU{Z) X SU{2) X 1/(1) local gauge symmetry and 
renormalizabihty of the theory, the Lagrangian C,j: acquires the following 
expression 

fijr = iLDiL + IRDrR + i ^ + RjD'^Ri^ + i ^ RiD'^Ri, ( 9 - 3 ) 

I i 
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where covariant derivatives are given by 


Dr^ = d^-ig'^W;, 

Dl, = 9,-ig'jW;-igjW;-ig.t‘G';, 

Dl, = 9^-ig'^W;-ig.t-G;. 

We remind that the value of hypercharge Y is determined by the following 
relation Q = Yl2 with Q being the charge operator. 

Both the gauge fields and fermion ones described above have zero mass, 
while in the reality all charged fermions are massive and intermediate bosons 
are known to be very heavy. To make the weak bosons massive one can use 
Higgs mechanism of spontaneous breakdown of the SU{2) X 17(1) symmetry 
to the t7(l) symmetry. The widely accepted way to do that consists in the 
introduction of the Higgs SU{2) doublet $ (with Y = 1). This doublet 
acquires the nonzero vacuum expectation value: 

^ 0 

< $ >= ^ 

V 7^ 

The potential term V^($), which can give rise to the symmetry violation, 
reads 

y($) = + A ($+$)^ 

One can easily verify that the vacuum expectation value satisfies to the con¬ 
ditions: 

r" < $ > = < $ >/ 0, 

Q <^> = ^ (o-3 + r) = 0. 

It means, that only the symmetry generated by Q is not broken on this 
vacuum. Let us choose the Lagrangian for the Higgs field interaction with 
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gauge fields in the form: 


Cn = iDL,^)+iDi^)-V{^). (9.4) 


Then one finds that only gauge boson couphng to (^ ( i.e. photon) remains 
massless, while other bosons acquire masses. Diagonalization of the mass 
matrix gives 


II 

Mw=^-gv, 

( 9 . 5 ) 

= 

s'K), Mz - 

( 9 . 6 ) 

= 


( 9 . 7 ) 


where are charged and neutral weak bosons, is the photon. It is 

suitable to introduce rotation angle '&w between {W^, W^) and (.Z, A), which 
is called the Weinberg angle 

sini?^ = g' l\Jg'^ +g'^. (9.8) 


The relation of constants g^ g' with electromagnetic couphng constants e fol¬ 
lows from (9.3). Since the photon couphng with charged particles is pro¬ 
portional to gg'l\/g^ + g'^, we should identify this quantity with the electric 
charge e: 


e = 


99' 


(9.9) 


In order to find mass spectrum in the Higgs sector, let us express doublet $ 
in the form 


/ iuj~^ '' 

^ ^ (v + (b — iz) 

\ ^ ' I 

One can verify that Nambu-Goldstone bosons uj^,z have zero masses and 
may be cancelled away by suitable choice of the SU{2) X 17(1) rotation. The 
only physical component of the Higgs doublet is (j), which acquires mass 

mn = n/S/u. 
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The Lagrangian generates fermion mass terms. Supposing the neu¬ 
trinos to be massless, we write the Yukawa interaction of the fermions with 
Higgs doublet in the form 

Lm = -feL^R - E fiLi^Ri - E fiLi Ri + h.c. (9.10) 

i I 

Here we introduced doublet Li related with Lj by 


Li — Vii Li, 


and fi i are the Yukawa couphng constants. Then the masses of fermions in 
the tree approximation are given by 


mi^i 


fi,iV 

V2 ■ 


(9.11) 


It is well known that quantization of dynamical systems is governed by 
Lagrangians having local gauge symmetry requires an additional care. Free¬ 
dom of redefining gauge and matter fields without changing the Lagrangians 
leads to the vanishing of some components of the momenta, canonically con¬ 
jugate to the gauge fields, say 


6L 

^doAfj^ 


-F°^ = 0 (for/x = 0). 


To perform the quantization procedure, one should add to the Lagrangian a 
gauge fixing terms, breaking exphcitly the local symmetry. In the functional 
integral formulation it leads, in the case of non-Abehan gauge symmetry, 
to modification of the path integral measure [19]. As a result, the measure 
of the path integral will be multiphed by functional determinant A{W^). 
In order to apply the well known methods of perturbation theory, one may 
exponentiate A{W^) and redefine the initial Lagrangian. It can be made 
by introducing auxihary fields c“ and c“ which are scalar fields anticommut¬ 
ing with themselves and belonging to the adjoint representation of the Lie 
algebra. The fields c“ and c“ are called Faddeev-Popov ghosts (FP ghosts). 

The gauge fixing terms are usually chosen in the form 
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where 5“ are auxihary fields introduced to hnearize this expression, ^ is the 
gauge parameter, F°' = d^W^. Then FP ghosts enter in the Lagrangian in 
the following way 


f) 

( 9 . 12 ) 

As it was pointed above, these additional terms violate local gauge invariance, 
but the final Lagrangian becomes invariant under the global transformations 
mixing the gauge fields and FP ghosts. This symmetry, found by by Bec- 
chi, Rouet, and Stora, was called BRS symmetry. The BRS infinitesimal 
transformations are defined by the following relations 

Here denotes any matter field, the parameter /? does not depend on x and 
anticommutes with c“ and c“, as well as with all fermion fields. Using these 
relations, the formula (9.12) can be written in the brief form: 

LaF = -^{e‘S‘^‘“^(d'‘W;)), ( 9 . 13 ) 

where 6/6/3 means left differentiation. 

In our case we choose the gauge fixing part of the Lagrangian in the form 

Cg:F = B+{d'^W-+UMwu^-) + B-{d'^W++UMwu^+) (9.14) 

+ + izMzz) + B\d>^A^) + B\d>^Gl) 

+ iwB^B- + ^j-B^B^ + + ^-^B%B%, 

then FP-ghost Lagrangian looks as follows: 

Ctt = (9.15) 

[d'^W- + iwMwu^-) Ac-6^^^ {d'^W+ + CwMwu^+) 

+c^6^^^ (d'^Z^ + izMz z) + c^6^^^ (d'^A^) + c^6^^^ (5^^“)}, 
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where the fields c^, are constructed from original ghosts c°, just hke the 
bosons Zfj,, Afj, from initial fields W°, W^. 

Now, we are ready to present the total Lagrangian of the Standard 
Model rewritten in the terms of physical fields [ 17 ]. 

- \iG%y (9-16) 

+ iecot'&w (^“V" {w;Zsd^w+ + Z^Ws+d^W^ 

+ W+Wid^z^i + ie (^“V" - {w;Asd^w+ 

+ A^W+dc^W^ + W+Widc^A^) - " 

+ A^A^ 

+ cot^ (^“V" - 9"^9'^') W^W^Z^Zs) 

+ cot W^W^A.Zs 

+ ..'20 [9^^ 9'^' - 9^V) w+w+w;wi 

Z sm Vw ' y I 

- \ 9 ]r"^r'^GiGiG^ ^G ^^", 

where the field sthrenghtes G“,^, . . . are given by 

py. = d,W+ - d^W+, 

G% = d,Gl - d^G;, 


Lt = iede + ivhdvL + qndqn (9-17) 

n 

+ ■ (i^Ll^'^eL + eLW~UL) + . ^ 

ySsin-i?^ ^ ' sm 2-17^ 

+ --— f e.Z(2 sin^ 1 ?^-~ eeAe 

sinZ-^w V ^ 2 W 

+ ^ ■ E l(V*)u + q^-q, lVu) 

V2sm'i7^ j - ^ ^ 
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+ • la -2Qism^-i^w)q?j 

sin Zv^r ^ \ Z / 

+ e ^ QnqnMn + 9s Y. 

n n 


+ M^W^W- “ + Jm|z; - Mw {w-d^u;+ + W+d^u;-) 


(9.18) 


eMw , eMz 


- MzZ^d^z+^^(j>W+W-^+ ^ 
sin V 


<t>zl 


+ 


2 sini? 


-W+‘ 


w 


+ ie(A^ + cot Zi^wZ^) I u; a;+ ) + . Z'^ [z df, (f) 

sin Zvw 


sin 2 - 1 ?^ ^ ^ 
e 

2 sini?^ 
e 




<9,1 (0 - i-z)) + s —W ^1'--+ 


a; 


(9,1 (0 + ^ 




Z>^) '«' '■’+ 

+ ieMz sin^wZ^{W+u;- - W-u;+) + ieMwA>^{W;u^ - W^uj-) 


+ 

+ 

+ 

+ 


ie^ 

^a2zi)a 


^e 


2 sini?^ 


2 cosi? 


- W^u;-) + 

-zZ^{W+u;- + WZu;+) - 


4 sin^ 1? 


w 


-z\W+W-^ + 2Zl) 


2 sini? 




-zA'^iW+iv- + W-u;+) 


. , „ cv+cv-W+W- ^ + e' cot' 2i?^a;+a;-Z' + e'a;+a;-i4' 
2 sin i/i” ^ H- H- 


rw 


+ 2e' cot(2'i?)a;'’'a; A^Z^^ — 


em 


H 


AMw sini?^ 


-0'- 


em 


H 


em 


H 


2^2 


4:Mw sini?^ 
e'm' 


-z'0 — 


e m 


H 


32M^ sin' 




ZM^r sini?^ 

e'm|f 4 

-z 


-Uj'^UJ_(j) 


32M^ sin' 


2™ 2 


8M^ sin '&W 


-UJ UJ 




e m 


H 


2 J.2 


16M^ sin' ■& 


-z^(j)- 


w 


2™ 2 


e m 


H 


(oi+o; )' 


8M^ sin' i^w 

■i —^ ■<—^ 

Here symbol / (9,i 5^ is used as usual: f 9 = fdfj.9 ~ {dfj.f)9- 
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C-M — 


+ 

+ 

+ 


em» 


Mz sin 21?^ 
ie\/2me / 


(j)ee — 


Mz sin 2-1? 


w 


mn<j>qnqn 


( 9 . 19 ) 


Mz sin 21?^ 
ie 


+ i 


uj evL — oj Vie 


s) + 


lerrif. 


Mz sin 2-1? 


w 


-zej^e 


\/ 2 Mz sin 2-1? 


Y^{y"^)ii(li i'mi - mi - {mi + mi)"^^) qi 


W Ti 


le 


o -mi- {mi + mi)j5) qi 

y2Mz sin2vw a 


le 


Mz sin 2 '&w I 


Y.miqij^qi + 


le 


Mz sin 2-1?^ 


Y,miqa5qi 


C 


TV — 


+ 

+ 

+ 

+ 

+ 






^( 5 ^ + iz Miy - c + ie cot ^wW+ ^ [d, 


c - d^c 


z„-'' 


^e 


w+ 


tJ- 


ieW 


- 


{d^c~c^ — d^c^c~^ — iecoti?^!^" ^ {d^c^c^ — 
(^dfj,c~^c^ — dfjC'^c^^ -\- iecoi'&wZ^ {dfj,c^c~ — dfj,c~c^^ 

- 4 - — o- 4 -\ 


ieA^{^dnC'^c — dfj,c c'’’^ 


Cze 


I — ^^eM^ cot 2 'i?^c — ^^eM^c -|- — . 

y 2sin'i/^ 

^iycMw cot 2'1?^C ^-\- ^^reM^rC ^^ 

2 


lUJ 

iiw^ 


sini?^ 


Mzc ^c- 

J 

Mzc ^c+\ 


Mz cot T^wZ (c c'^ — C~^C )-- Mw(j> (c c'*' + c “’“c ) 

'' '' 2 sin vw ^ 


n/T XTiZ z 

-^^—Mzepc c 
sin 2 vw 


51 



10 FEYNMAN RULES 


10.1 General Remarks 

In this Section we present the complete hst of Feynman rules corresponding 
to the Lagrangian of SM (see (9.16 - 9.20)). 

First of all we define the propagators by the relation 

Aij{k) =ijd^x 6-'"=" < 0|r(</.i(a;)</.,-(0)|0 >, (10.1) 

where presents any field. Curly, wavy and zigzag hues denote gluons, pho¬ 
tons and weak bosons respectively, while fuU, dashed and dot hues stand for 
fermions (leptons and quarks), Higgs particles and ghosts fields, respectively. 
Arrows on the propagator hues show : for the W'^ and 0 ;“*“ fields the flow of 
the positive charge, for the fermion that of the fermion number, and for the 
ghost that of the ghost number. 

The vertices are derived using L/, instead of usual usage oi i Lj. AU the 
momenta of the particles are supposed to flow in. The only exception was 
made for the ghost fields, where direction of momentum coincides with the 
direction of ghost number flow. This convention permits to minimize the 
number of times when the imaginary unit i appears. 

It should be noted ones more, that all fields can be ’’divided” into two 
parts: 


• physical fields: 

A (photon), G (gluon), ip, H (Hiigs). 

• non-physical fields: 

o;^, z (pseudogoldstones), c^, c^, c^, c^ ( ghosts). 

Charged fermions have the electric charge (in the positron charge e units) as 
follows: 


Q{e ) = Q{ii ) = Q{t ) = -e, 
(5(e+) = = (5(r+) = +e, 

Q{u) = Q{c) = Q{t) = +^e, 
Q(d) = Q(s) = Q(h) = 
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The electric charge e (or strong couphng constant in QCD) is related to 
the fine structure constant a (or ctg in QCD) as follows: 

_ _ g] 

OLQED = OL = —, OLqcD = OLs = —• 

47r 47r 

The electric charge, the sini?^, and Fermi constant Gf are related as follows: 

—^ 

2^/2sin'dw V ^2 

Finally, every loop integration is performed by the rule 

/.w> 

and with every fermion or ghost loop we associate extra factor ( — 1). 


10.2 Propagators 




- ML + is 




k^k^ 

k^ - M^ + ie 


Zfj, Zi, 

•^AAAAMAA/^ 


k^-M^ + ie k^ - izMl + ie 


•wwvwwwv^ 


^ „ (-1 i ^ 


/e + ^£ V /e^ + le 


g;: Gi 

•cnnnnnnmnmp* 




kV’ k -\- m k -\- m 

* k^ — m? + ie m? — + fe 
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0 


</> 1 
“ • L2 


m - 


- m 

— m?jj + is 

a;+ 


UJ~ 

1 

•- 


— • 

+ ie 

z 


z 

1 

•- 


— • 

+ ie 

c+ 


c ~ 

1 

• • • • 

• • -<• • 

• • •• 

+ ie 

c~ 


c + 

1 

• • • • 

• • <• • 

• • • • 

+ ie 

7 


- z 


c 


c 

1 

• • • - 

• . -<• • 

- • - • 

+ ie 



^ A 


c 


c 

1 

• • • • 


• • • • 

+ ie 



Cb 

1 

• • • • 

. . X. . 

• • •• 

1 


54 










10.3 Some Popular Gauges 

Here we discuss the exphcit forms of the propagators for some popular gauges. 
Let us consider a theory with free boson Lagrangian: 


C = - F^^ = - d^A^. 

One can fix a gauge in one of three ways [3, 20]: 

• i to impose a gauge condition, 

• ii to add a Gauge Fixing Term (GFT) to the Lagrangian 


iii to fix a form of the Hamiltonian. 


In a rigorous theory one should impose two gauge conditions. However, 
as it is usually accepted, we write only one condition. It should be considered 
rather as a symbol which denotes acceptable for a given gauge procedure of 
quantization, described somewhere in hterature. 

In practical calculations one needs an exphcit form of a propagator with 
satisfactory prescription for poles (which plays a key role in the loop calcu¬ 
lations). For this purposes it is sufficient to fix a gauge as mentioned in ii 
and iii. Polarization vectors of physical bosons and ghosts should be chosen 
in accordance with a detailed quantization procedure apphcable for a given 
gauge. 

Covariant gauges. 

1. Generalized Lorentz gauge. 


Notation = B(^x) 


. GFT Lgf = 


• Propagator 


1 


+ fe 




• Comments 

^ = 1 is Feynman gauge, while ^ = 0 is Landau gauge. For the photon 
(gluon) propagator one should write ^g(^^) (see Subsection 10.2). 
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2. ’t Hooft gauges (R^-gauges). 


• Notation = -B“(a;) 

. GFT Lof = 

• Propagator 

h h 

^_ \a -fl-n_ ^ _1 


• Comments 

The gauge parameter ^ = iw{iz) for the case of W(^Z) boson (see 
Subsection 10.2), n/-\/2 is the vacuum expectation value of the gauge 
field, r“ are generators, M is the vector boson mass. ^ = 1 is ’t Hooft- 
Feynman gauge, ^ = 0 is Landau gauge, ^ ^ oo corresponds to unitary 
gauge. Non-physical gauge bosons should also be taken into account 
in loop calculations. They also have gauge-dependent propagator, see 
Subsection 10.2. 


Non-covariant gauges 

3. Coulomb gauge. 

• Notation dA = 0, = 1, 2, 3. 

• GFT Lqf = ——[dkAkY. 

• Propagator 




kfji^ - kok^g^o - kok,Fgfj.o 


• Comments 

The proper Coulomb gauge corresponds to the case ^ = 0. 

4. The general axial gauge. 
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• Notation n^yl^(a;) = B(^x). 

• GFT Lgf = -^rh* ■dn-A]\ 

4^ 

• Propagator 

_ 1 n* • {(P-n^){n*-ky 

n-kn*-k + ie {n-kn*-k + iey ^ 

• Comments 

Feynman rules in this gauge usually do not contain ghosts. As it has 
been shown in [20] one has to consider an additional gauge vector 
in order to have a correct prescription for poles. The quantization in 
this gauge was considered, for example, in [21, 22]. 

The gauge vector has the form: 

= {no-,n) = {no-,n_i,ns) = {no] rii, n2, ris). 

The exphcit form of the component structure of and should be 
considered separately in the cases > 0, = 0 and < 0. The 

following widely used gauges are obtained in the hmit ^ = 0: 

4a. Temporal gauge: > 0. 

_ 1 {Ufjk^ + kfjjiy) n*-k {n* ■ ky 

k^ + ie n ■ k n* ■ k is {n ■ k n* ■ k -\- iey ^ ’ 

= (no;n_L,-f|n_L|); = (no;n_L,f|n_L|). 

4b. Light-cone gauge: n^ = 0. 

_ 1 {n^^k^ + kfj,n^) n* ■ k 

n-kn*-k + ie 

n^ = (|7f|;7f); = (|7f|;—n). 

4c. Proper axial gauge: n^ < 0. 

1 r {n^k^ + k^nA n*-k n^ {n* ■ k)^ 

~ 7 2 I ■ i, * r, I • ^ 7 i, * 7 I • '>2 i 

k^ -\- le n • k n • k -\- le {n • k n • k -\- le) 

5 . Planar gauge. 
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• Notation n^yl^(a;) = B[x)^ ^ 0. 


. GFT LGF = i,mn-A)]\ 
• Propagator 


= 

1 

f: 

1 

[n^k^ + k^n^) n* ■ 

k 


+ ie 

n ■ k n* ■ k is 

- 

? 

(no;n_L; 



= {no]nj_,i\nj_\), 

if > 0 

= ( 

n_L ;n). 

K = 

{\n_i\-,-n) if 

< 0. 


• Comments 

Yang-Mills theory is not multiphcatively renormalizable in this gauge. 
Quantization in this gauge is also poorly understood. This gauge has 
the same denotation as the axial gauge, that is not suitable. However, 
that should not lead to confusion (see the beginning of this Subsection). 
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10.4 Vertices 


10.4.1 Gauge Boson Three-vertices 





AW+W- 



GGG 



10.4.2 Gauge Boson Four-vertices 


AAW+W- 


AZW+W- 




^ _ 2 g^^g'y^) cot 
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-gl - 5r“V^) 

_^fracfrdb(^g.6gP-r _ gC.^gj6^ 
_^fradfrbcj^g.^gy6 _ gC.jgS^-^ ) 

10.4.3 Gauge -boson-fermion Vertices 
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zu;-W+ 



e 

2 sini?^ 


(P - ?)“ 


zu;+W- 



e 

2 sin 


(P - ?)“ 


a;+ a; Z 


a;+ a; A 


iV 


P 



a; 




a; 


+ 


q 


— e cot 2 'i^w{p — ?)“ 


-e(p-?)“ 


(j) zZ 


0 

P ? 

—(P - ?)“ 
sin2'&w 



(l)W+ W- 


w+ 


0 


^^►^v*aaaw 

e cot 1?^ 5^“^ 


(^Z Z 


0 


Vv^A/V•^/^A/V 
2 e 


sin 2-1? 




w 
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W- : W- ; 

WAA'^^^W^/ WAAA#WVWW 

—i e sini?^ Mz i e Mw 9°^^ 

10.4.5 Gauge-boson-Higgs Four-vertices 
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zu;- W+ A 





zu;+ W- A 


z y uj^ 
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2 


10.4.6 Higgs Three-vertices 




2 cot 2 - 1 ?^ g°^^ 

0 



sin 21 ?^ sin 21 ?^ 
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10.4.7 Higgs Four-vertices 



m 


</> </> 


3 niff 
sin^ 2-1?^ 





.*s 

niff 

sin^ 2-1?^ M^ 


z z z z \ 

.''z 


3 niff 
sin^ 2-1?^ M^ 



2 niff 

sin^ 2-1?^ M^ 
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10.4.8 Higg s-hoson-fermion Vertices 
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10.4.9 Gauge -boson-ghost Vertices 


c- 



P 

— e cot 


c- c^W+ 



P 

e cot '&W 


c- W+ I 

w+ 

' ' O' 

c 


p 

e cot '&W 


c- W+ 



P 

e p“ 


c+ W- I 

W- 

' ' O' 


P 

— e cot '&W 
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c+ W- 



< w- 

c + 

> 

■p ‘ ‘ 

e p“ 

c~^ c~ Z 




c + 

> C~ 

Y ' ““' 

— e 

cot p“ 

c~ A 




c+ W- 



ccG 



p 

-igsfabcP^" 
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10.4.10 Higgs-ghost Vertices 


i 


c a;+ 


c~ u;+ 



a;+ 


a;+ 


Y 


Y 




A 

c 

c 

c 

c 




•. . . X • • • 

ilw 

e cos 2'i?w 



1 sini/^ 


c ^ c a;+ 


c + a; 



a;+ 


a; 


Y 


A 


c“ 

c + 

1 




0 ....<.. . 

iiz 


i£we cos 2'i?w , , 

2 sini?^ 

2 sin T^w 


c+ a;“ 


c ^ c+ a;“ 



(jO 


U}~ 


A 


A 

c + 

1 


c+ 

• • • •<• • • 


• • • •<• • • 



w 


ijze 
2 sini? 


-M. 


w 
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c c z 

c z 

1 

1 z 

1 

1 

1 Z 

1 

1 

c ' c~ 

1 

1 

c~ ' c~*~ 

1 

. . . . .X. . 

~2^w e coi'&wMz 

e coi'&wMz 
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11 INTEGRATION IN A-DIMENSIONS 


11.1 Dimensional Regularization 


A powerful method of the evaluation of the loop integrals (which very often 
are divergent) is Dimensional Regularization (DR) [23]. The idea of DR is to 
consider the loop integral as an analytic function of n - number of dimensions. 
Then one can calculate this integral in that region of the complex n plane, 
where this function is convergent. 

A typical loop integral looks as follows: 


J (27r)^ - (p - hY) ’ 

where qi {mi) are 4-momenta (masses) of external particles; P[qf jmijp'') is 
a function of masses and momenta qi and p. 

To use the DR method one needs to transform the product of denom¬ 
inators into expression such as : + {pk) + where k’' is the hnear 

combination of qi momenta and M is a combination of g?, {qiqj), and m?. 
That can be done by using of Feynman parameterization-. 


a°^lP 
1 1 
fjTi Jjn 

1 


brb?...b^ 


f 


dx - 




r(a + /?) _ 

r(Q:)r(/?) Jo [ax + 6(1 — a;)]“+^' 
F n[a — b)dx 

Jo [(a — b)x + 6]”-+^ ’ 

r(Q:i + . . . + a^n) 

r(Q:i)r(Q:2) . . . r(Q:^) 


/■l 

PXl 

t 

/ dxi 

/ dx2 .. 

. 

Jo 

Jo 

Jo 


dx 


m — 1 


(a^m -2 - a;m-i)“" ^ ... (1 - a;i) 


OLvn 1 


[^ 12 ^ 771-1 + ^2(2^771-2 ~ ^ m - i ) + • • • + 6771(1 — a;i)]“i+'"+° 


where r(z) is the Euler Gamma function. 

Using the Wick rotation po ipo and replacement 4 ^ n, one can 

obtain a typical integral in n-dimensional Euchdean space: 


J 



P{qL'>TT'i,p’') 

(p^ + 2{j)k) + M^)“ ’ 


Re ct > 0. 


The differential dFp has the form: 


(Tp = p”- Mp dUT,, J dDr, = Dr, = 2 tv"IT(^), (H-l) 
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( 11 . 2 ) 


dQ,n = (sin”' ^-dri-ld'dn-l)dO,n-l 

= (sin”-”^ 'dn-2d'dn-2) ■ ■ ■ d-& 

where 0 < < tt, 0 < < 27 r. (The last equality in ( 11 . 2 ) obeys for the 

integer n.) 


11.2 Integrals 

Let us introduce the following notation: 


J f{p) = 

Jo = 

Then : 

lo = Jl = 


jrp 

1 

(M2 -fc2)«-fr(a) 


(p2 -|- 2[pk) + M^y 

.71 / 2 


f{p): 


( 11 . 3 ) 

( 11 . 4 ) 


r(a-t) 


n. 


(M2-fc2)a-n/2 T{a) ^ 2^°' 

11^ = J pl^ = 

h = Jp^ = Jo{fc^r(«- 2 )+2r(«-i- 

A TL \ Th 

= J p>^p^ = Jo{k>^k^T{a --) + M(a - 1 - -)^^"(M2 - k^)}, 

A nn 

= J pt^p-p^ = Jo{-kf^k''k^T{a - -) 

2 

1 Th 

“2^^“ “ ^ “ 2 “ k^){g'“'k^ + 9 “ k~ + g-^k^)}, 

4? = ipV = -./o*'‘‘{*^'‘r(a-^) + ”Mr(a-l-^)(M^-fc^)}. 

For calculation of the basic integral Jq one can use the well-known relation 

[ 24 ]: 


f 


(a;2 -|- M2)‘ 


dx = 


r(a±i)r(i^) 

2r(a)(M2)“-'¥-' 
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11.3 Spence Integral (Dilogarithm) 

As a rule the final expressions for the loop integrals include so-called Spence 
integral or Euler dilogarithm [24, 25, 26]: 

\a 2 {D = ~ ^— z) < 7r].(11.5) 

Jo t Jo t — z~^ 

Dilogarithm is a special case of the polylogarithm [24, 25, 26]: 

oo 

U^{z) = Y,t^ [|z| < 1, or |z| = 1, Rei/> 1], (11.6) 

k=i 

The main properties of Li(z) are as follows: 

Lin(2) + Lin(—.z) = 2^ ”'Lin(z^), 

Li^iz) + Li^-iz) = 4'-"Lv(z") - 2'-"Lv(z^), 

Li^iz) - Lv(-fz) = + 1)" 

Lin{z) = f dt (n=l,2,...), 

Jo t 
2 ^ 

Lio(2) = 1 -, Lii(2) = -ln(l - z). 

i. — z 

The Riemann sheet of the Li 2 (z) has a cut along the real axes when z > 1, 
and 

Im Li 2 (z Eie) = ±7r0(z — l)ln(z), 

where the 0(a;) is the step function (see Subsection 16.1). 

The equation ReLi 2 (z) = 0 has two solutions on the real axes 

= 0, and Z 2 ~ 12.6. 


ReLi 2 (z) achieves its maximum at z = 2: 

TT^ 

Li2(2) = —, 

and at this point the Li 2 (z) has the expansion as follows [9]: 


112(2 — S ) 


T~4r~y~4^~15 
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One easily gets: 


Li2(0) - 0, Li2(l) - —, Li2(-1) - , 

Li2(i) = —--\r^2, 

^2^ 12 2 


Li2(±i) = - — ± iG, G = Y. = 0.915965594 ... 


(-1)^ 

(2^ + 1)' 

The various relations with Li 2 are as follows [24, 25, 26]: 


TT 


Li2(z) = -Li2(l - z) + — - Inz ln(l - z) [\argz\, \arg{l - z)\ < tt], 

11 TT^ 

Li2(z) = -Li2(-) - -In^ z^i-wlnz^ — [\arg{-z)\ < tt], 

z 2i o 


1 N 1 

^ 2 

\arg{-z)\ < tt]. 


Li 2 (z) = Li 2 ( " ) + ;^ln^(l - z) - ln(-z)ln(l - z) - 


TT 

T 


The HiU identity has the form [9, 25]: 


Li2(a;z) = Li2(a;) + Li2(2:) — Li2 


V 


iV — iVZ\ ( Z — UJZ 

- ) - Ll2 ( - 

— (jjz J V1 — (jjz 


1 — UJzJ V 1 — UJZ 

1 

1 — a; 


’ 1 — UJZ 


In a; — g 


1 - z 


’ 1 — iVZ 


In. 


where the function g compensates for the cut in the Riemann sheet of the 
logarithm [9]: 

In a;r/ = In a; + In 2 / + g[x^y). 

A typical integral, which can be expressed via the dilogarithm, is, for exam¬ 
ple: 

f 

J a 


= Inpln ‘ - Li,(-6?) + Li,(-.«), 
t a p p 


The Euler Gamma function r(z) is given by the integral representation [24]: 

1*00 

T(z)= dtG-^e-\ Rez>0. 

Jo 
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The main properties of the r(z) are as follows [24]: 


T{1 + z) = zT{z), r(n + l)=n!, 


r(.)r(-.) = - 


TT 


z sin(7rz) 
TT 


. r(2)r(i-z)=^ 


TT 


sin(7rz) ’ 
2 ( 221 - 1 ) 


r(^ + ^)r(i-2)=—r(2z) = ^—rwr(^H 

^ ^ COS^TT/S-J ^ ^ 


r(i) = r(2) = i, r 

1 


= 


r( 


2—»-0 


~- + r'(i); r'(i) = r(i)$(i) = $(!) =-7 


where 7 is Euler constant. 


-0.577. 
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12 KINEMATICS 


The nice book by E. Byckhng and K. Kajantie [27] contains a lot of infor¬ 
mation about relativistic kinematics. Here we present a brief description of 
relativistic kinematics following the Review of Particle Properties [18]. 

12.1 Variables 

Initial (final) particles total momentum (energy) squared will be denoted by: 

^ = { Y. PiY = PjY- ( 12 . 1 ) 

initial final 

Let E and p be energy and momentum of a particle. The energy and mo¬ 
mentum of this particle f^e frame moving with the velocity /? are 

given by the Lorentz transformation: 

E' = j{E + pp\\), p|| = 7 (p||+/?E;), pV=Pt, (12.2) 

where 7 = 1/-^1 — (3^ and Pt(p||) are the components of p perpendicular 
(parallel) to (3. 

The beam direction choose along the z-axes. 4-momentum of a particle 
= {E,p) can be written as: 

E =P 0 , PT = {Px:Py): Pz: 

Px = 1^ cos 0sini?, py = 1^ sin 0 sini?, p^ = l^cosi?, (12-3) 

where (j) is the azimuthal angle (0 < 0 < 27r); 1 ? is the polar angle (0 < 

1 ? < tt). 

Another parameterization of looks as follows: 

E = mj coshp, Pa,, Py, p^ = mj sinhp, (12-4) 

where rrij = vn? + p\ is the transverse mass (’’old” definition), y is the 
rapidity. 

Rapidity y is defined by 
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Under a boost along z-direction to a frame with velocity /?, 


y 


y + tank ^ /?. 


Pseudorapidity rj is defined by: 


rj = — ln(tan('i?/ 2 )), 

sink?/ = coti?, cosh?/ = ^tank?/ = cosi?. 

Sinn 


For p ^ m and i? ^ I /7 one has : y ^ y. 
Feynman’s xp = x variable is given by 


Pz _ {E+Pz) 

X = — m cms X 

PzmcTK. \E -\-PzJmcTK. 



( 12 . 6 ) 


(12.7) 


The last equation is valid for two particles coUisions, and here s is total 
energy squared (see ( 12 . 1 )). 

In the coUider’s experiments the following additional variables are used: 


Ep 

E sin 7 ? 

— transverse energy. 

Pl-mis — 

-(Spx) 

— ’’missing” transverse momentum 

^Emis 

-(SBi) 

— ’’missing” transverse energy 


where sum is performed over all detected particles. 

The ’’distance” in ( 7 /, 0 )-plane between two particles (clusters) 1 and 2 is 
given by 

Ai^ = y(A 0)2 + (A 7 /) 2 , A(j) = (j)i - (j)2, At/ = 7/1 - 7/2. 

The ’’transverse” mass of the particle (cluster) c with momentum 3 'iid the 
’’missing” transverse momentum (energy) p±rnis (-E’j.mis) is given by: 

P_L mia) — E P Pc E P_L mia) (P-Lc T P_L mia) • 


12.2 Event Shape Variables 

In this Subsection we describe in brief event shape variables for Ti-particle 
final state (for details, see, for example [28]). None of the variables presented 
in this Subsection are Lorentz invariant. 
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• Sphericity 

The sphericity tensor is defined as [28, 29]: 


( 12 . 8 ) 


5“*’ = 


^iPiPi 
Ei \Pi\^ 


where a,b = 1,2,3 corresponds to the x,y and z components. By standard 
diagonalization of 5*“^ one can find three eigenvalues 


^ A 2 ^ ^ 3 j with A]^ “t“ A 2 ~\~ A 3 — 1 . 


Then, the sphericity is defined as: 

S = + -^ 3 ); 0 < iS < 1. 


(12.9) 


Eigenvectors Si can be found that correspond to the three eigenvalues A^. 
The Si eigenvector is called the sphericity axes, while the sphericity event 
plane is spanned by and 5*2 • 

Sphericity is essentially a measure of the summed pj with respect to spheric¬ 
ity axes. So, one can use another definition of the sphericity: 


s 


3 . 

- mm 

2 ri 


^iPji 

Ei \Pi\^ 


( 12 . 10 ) 


where pji is a component of pi perpendicular to n. So, the sphericity axes Si 
given (12.10) by the n vector for which minimum is attained. A 2-jet event 
corresponds to 5* ~ 0 and isotropic event to 5* ~ 1. 

Sphericity is not an infrared safe quality in QCD perturbation theory. 
Sometimes one can use the generalization of the sphericity tensor, given by 

|r — 

^ I 

~ EilPil’’ 

• Aplanarity 

The aplanarity A is define as [28, 30]: 

A=^A2, 0<A<^. (12.12) 


( 12 . 11 ) 
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The aplanarity measures the transverse momentum component out of the 
event plane. A planar event has A 0 and isotropic one A 


• Thrust 

The thrust T is given by [28, 31] 

Ei \{n^)\ 


T = 


max 


1 ^ 1=1 T,i\pi\ 


<T <1. 


(12.13) 


and the thrust axes ti is given by the n vector for which maximum is attained. 
2-jet event corresponds to T 1 and isotropic event to T |. 

• Major and minor values 

In the plane perpendicular to the thrust axes, a major axes rha and major 
value Ma may be defined in just the same fashion as thrust [28], i.e. 


= 


max 


Ei \{npi)\ 


|n|=i, {Titi)=o \pi I 


(12.14) 


Finally, a third axes, the minor axes, is defined perpendicular to the thrust 
(ti) and major (rh-a) axes. The minor value Mi is calculated just as thrust 
and major values. 

• Oblatness 

The oblatness 0 is given by [28] 


0 = M^-Mi. 


In general, 0 0, corresponds to an event symmetrical around the thrust 

axes ti and high 0 to aplanar event. 

• Fox—Wolfram moments 

The Fox-Wolfram moments if/,/ = 0,l,2,..., are defined by [28, 32]: 

(12.16) 

i,j = l ^VIS 

where T^ij is the opening angle between hadron i and j, and E„is is the total 
visible energy of the event. Pi{z) are the Legendre polynomials [24]: 

Po{z) = 1, Pi{z) = z, P 2 {z) = ^(3^2 - 1), • • • 

Pk{z) = ^[(2^ - l)zPk-i{z) - {k - l)Pk- 2 {z)]. 
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Neglecting the masses of all the particles, one gets Hq = 1. If momentum 
is balanced, then Hi = 0. 2-jet events tend to give Hi ^ 1 for I even and 
Hi ^ 0 for I odd. 

The summary of the discussed quantities are presented in Table 12.1. 

Table 12.1. 

Summary of event shape variables. 



5 

A 

T 

0 

Ho 

all mi = 0 

Hi 

isotropic 

1 

2 

2 

- 

1 

- 

2-jet 

0 

- 

1 

0 

1 

Hi = 0 

H2k ~ 1; -^2^+1 ~ 0 

planar 

- 

0 

- 

> 0 

1 

- 


12.3 Two-body Final State 

In the coUision of two particles of mass rrii and m 2 and momenta pi and p 2 
s = {pi+ P2f = + ruj + 2Ei Lab'm2, 


where the last equation is valid in the frame, where one particle (second one) 
is at rest (Lab frame). 

The energies and momenta of the particles 1 and 2 in their center-of-mass 
system (cms) are equal to: 


E 


* 

1 




Pi 


s + ml — ml 

-pF \Pi\ = 


e; = 


s — ml + ml 


27^ ’ 

^[5 - (mi + m 2 y][s - (mi - m 2 )^ 

275 


(12.16) 

(12.17) 


|Pi*l = ^^^^^\s,ml,ml), 

where A(a;,r/, z) is the so-called kinematical function [27]: 

= {x-y-zf-Ayz (12.18) 

= -\- y^ -\- — 2xy — 2yz — 2zx 

= - iVy + - iVy - V^Y}- ( 12 . 19 ) 


81 



Let us now consider the two-body reaction (4-momenta of the particles are 
presented in the parentheses): 

a{Pa) + b{pb) 1 ( pi ) + 2 ( p 2 ) 

Pa+Pb = Pi + P2 

The Lorentz-invariant Mandelstam variables for reaction 2^2 are defined 
by: 

^ = {Pa+ Pbf = {pi + P2)^ t = {pa- Plf = {pb - P2)^ (12.20) 
U = {Pa - P2f = {Pb - Plf : 

and they satisfy 

s -\-1 -\- u = m\ + m\ + Tn\ + . 

Two hmits of t (corresponding to '&cm = 0 and tt) equal: 

t± = ml + ml-2E:El±2\p:\\p*\= ( 12 . 21 ) 

= 'ml + ml - ^{s + ml - ml){s + ml - ml) 

±^^^^^{s,ml,ml)X^/^{s,ml,ml). 


12.4 Three-hody Final State 

Let us consider three-body decay of particle a with mass M 


®(-P) ^ l(Pi) + 2(^2) + 3(^3). 


Defining 

Pij=Pi+Pj, ml-=pl-, 

then 

m^2 + ml^ + m^3 = + ml + ml + rUg, 

and = (P — pj^f = — 2MEk. 


( 12 . 22 ) 


The 1^3 decay is described by two variables (for example, mi2 and mis). 
If mi2 is fixed, then hmits of m^g variation are equal to: 
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= {El^Elf-{^W^i^{\IW^^)\ 


where E*. = and Et = • 

■•■ 2mi2 ^ 2mi2 

2^3 scattering is described by five independent variables. For example, 
^ = (Pa +Pfc)^ ^1 = (P9 -Pl)^ h = (Pfc -Ps)^ 


12.5 Lorentz Invariant Phase Space 

Lorentz invariant phase space (LIPS) of n particles with 4-momenta pj (j = 
1, 2,. . . n) and the total momentum P = ^2]^=! Pj is given by: 

” ” Pn ■ 

dR^iP; P..K... .y„) ^ <rW(P - P (12-23) 

Through of this Subsection we use the following notation: 

5 = P\ 

This LIPS can be generated recursively as follows [18, 27]: 

dRn, = dR2{P] pri, q){2Trfdq^ di7n_i(g; pi, . . .p^-i), (12.24) 

where q = YHZi Pi and (mi + m 2 + . . . + m„_i)^ < q^ < {V^ - m^)^, or: 

dRr, = dIir,-j+i{P-, q,Pj+i, . . .pr,){2Tvfdq^ dRj{q-, pi,. . .pj), (12.25) 

here q = E;=i Pi and 

(mi + . . . + rrijY < q^ < {Vp^ - 'miY■ 

i=j+i 
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The integrated LIPS for mi = m 2 = . . . = m^ = 0 equals: 

D ('n'l _ _ (7r/2)”- ^ /p 2 Nn -2 

(27r)3-(n-l)!(n-2)!'' '' ' 

Two-particle LIPS equals: 

p _ 1 Pi / 1 _ 1 ^Pt 

{2t)UV^J ' (27r)6V:p (27r)6^’ 

where p* is momentum of first (second) particle in cms (see (12.17)). 
Different choice of mi and m 2 leads to: 

R 2 = 

R 2 = 

R 2 = 

R 2 = 

Three body decay final state LIPS equals: 

where mi 2 and mis are defined in (12.22), Ei[E 2 ) is the energy of the first 
(second) particle in P rest frame. This is the standard form of the Dalitz 
plot. 


1 T^\l[s - {rrii + m 2 y][s - (mi - 1712)^] 


(27r)® 

1 TT 


T- 


4m2 


(27r)® 2 

1 TT, mr ^ 

7 --)) ^2 = 0, 

(27r)6 2^ s 


2s 

nil = 'n^2 = 


, (mi + m2) < v^, 


1 TT 


(27r)6 2 


, mi = m 2 = 0. 


12.6 Width and Cross Section 

The partial decay rate [partial width) of a particle of mass M into n bodies 
in its rest frame is given in terms of the Lorentz-invariant matrix element 
Mfi by: 

= ^^Y^\Mfi?dRr,{P] pi,p2 ,... ,Pn). (12.26) 
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The differential cross section of the reaction a b ^ 1+2+. 
{Pa + Pb = P) is given by: 

/'27r')4 

do- = PI,P 2 ,. .. ,Pn), 

P = [s - (m„ + mby][s - (m„ - 


..+ n 

(12.27) 
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13 DECAYS 


13.1 Standard Model Higgs Decays Rates 


Standard Model Higgs is expected to have a mass between 45 Gev and 1 TeV, 
and, since it couples directly to the masses of other particles, to decay into 
heaviest available particles. The SM Higgs decay rates, calculated without 
radiative corrections are as follows (see [33] and references therein): 


H r 


Ay/2TV 


mnld^ 


? 


where /? = 



and Nc 


1(3) for / = lepton (quark). 


H ^W+W-{ZZ), r = -4a; + 4), 

8 v 27r X 

where x = M is 14^^(.Z)-boson mass. 

Higgs decay into two photons or two gluons proceeds via loops. Its decay 
rates are equal [34]: 


TT "P ^ G F 3 I T12 

h ^77, i = —^— TnTr\l\ , 

where I = Iieptan. + hadron + /w + • • •, aud |/| fii 0(1). 

H -^gg, r = ^’^|jvr, 

4V27r3 9 ' ' ’ 


where N = Z Yij is the sum of contributions Nj from quarks j 
given by [35]: 


1 , 2 , 


? 


' M dy ‘ M - l)G(Ai), 

1 — xy^^ — ie 


where \j = and 

G{z) = 2[arcsm(2^)] , 

IV 

1 1—‘ 


G{z) = Ibi^ 

1 + VI - 4-2 

TT^ . 

-h iTT In 

2 

1 +Vi^^ 

1 - VI -4-2_ 

1 - VI - 4-2_ 
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Nq vanishes for niq <C mn and Nq ^ IjZ for rUq ^ mH- 


H ^ w^ff, r 

ff', 

T 

H^zYff, r 

X 

F{z) = 


g'^rnn 

3077r3 




e = 


(except W"^ tb) 


mw 
rriH ’ 


Zg'^rriH 

5127r3 




g'^rnn 


mw 
rriH ’ 


20487r^ cos^ '&w 

(7 - y sin^i?^ + ^sin^i?^)F(e'), e' 

3(1-8^2+ 20^4) ,3^2-1 

- , -arccosi--—) 

- 1 ^ 2^3 > 


mz 

rriH 


(1 - ^ - 3(1 - + iz‘‘)hiz. 


13.2 W and Z Decays 

The partial decay widthes for gauge bosons to decay into massless fermions 
/ 1/2 are equal to [4, 18]: 


w+ - 

■> e+i/g. 

r 

= 227 ± 1 MeV, 




6V27r 

w+ - 

Uidi, 

r 

= ± 3)|V?,f MeV 

z - 


r 



' 167.1 ±0.3 MeV (i/i>), 83.9 ± 0.2 MeV (e+e”), 

= < 298.0 ± 0.6 MeV (uu), 384.5 ± 0.8 MeV (dd), 

375.2 ± 0.4 MeV ( 66 ), 

For lepton (7 = 1, while for quarks C = 3(1 ± 1.409^ — 12.77^), 

where 3 is due to color and the factor in parentheses is a QCD correction. 
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13.3 Muon Decay 

In the SM the total muon decay width is equal (up to 100% accuracy) to the 
width of the decay 

The matrix element squared for this decay equals [4]: 


\M\^ = 128^5 

Then the total muon width is given by [36]: 


tot _G\rril ml 3 Q;(m^) 25 , 


( 13 . 1 ) 


where F{x) = 1 — 8a; + 8a;^ — — 12x^ In a;, and 


. . 1 1 2 . 1 
ot{mfj,) ^ = a ^ - — ln(—) + — ~ 136. 

Stt rUg 67r 

For pure V — A couphng (and neglecting of the electron mass) in the rest 
frame of the polarized muon {M) the differential decay rate is: 

Cj^ 5 

dT(^M) = —-—^[3 — 2a; ih (1 — 2a;) cos'i?]a;^da;d(cos'i?), 

1927r^ 

where i? is the angle between the electron momentum and the muon spin, 
and X = 2E^lm^. 


13.4 Charged Meson Decay 

The decay constant fp for pseudoscalar meson P is defined by [18] 

< 0\A^{0)\P{k) >= ifpk^. 

The state vector is normalized by < P[k)\P[k') >= [2tvY 2EqS^[k — k'). The 
annihilation rate of the P{qi^ 2 ) ff decay is given by 

r(P ^ ff') = - ^). (13.2) 

where (7 = 1 for P Ivi decay and (7 = (3|V^3qJ^) for P q^q'^ one, and 
mf is the heaviest final fermion mass. 
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13.5 Quark Decay 

In the region vriq <C Mw the total quark width is given by [4]: 

r(« ^ q,qA) = ■ (13.3) 

For the case of mq ^ the width of the heavy quark decay Q 

W + q equals [37]: 


where 


T(Q^W + q) = 



(13.4) 


= (l-*)* + (l + *)y-2y^ 


k = 




rriq - {mw + 'n^qY] ["J-g - {'mw - mqY] , 


here is IF (or q) momentum in the (^-quark rest frame. 
The width of the heavy Q decay 


Q -^q+W{^ Iv) 


is given by [37]: 






m^ mq m^ 


where 


/■(i-v^F fq{b,t)yjl + b^ + t^ - 2(6 + bt + t) 

= dt - ^{l-aty + c] -’ 

F(a,0,c) = 

— [c — 3(1 — ci)]A + 2a(l — a) — a[3(2 — a)c — (2 + a)(l — a)^]5, 


y4 = ln 


c + 1 


c + (1 - a) 


2 ’ 


B = -^[arctan(^p) — arctan(—^)]- 








89 



13.6 Heavy Quarkonia {QQ) Decays 

Suppose that the matrix element of the vector state V decay V Dl~ is 
given by 

M = gveyu{D)Yu{-l~). 

Then 

^ ^ 127r ’ ^ V Mv 

Denote = 47r|'^(0)|^, where V’(O) bound state wave function in the 
origin. 

The width of the decay of the quark antiquark vector state 1 equals: 

in-) = K-^Rl 

where Nc = 1(3) for colorless (color) quarks, Qq is the effective charge: 


p = 

^(uu — dd) 


Ql = 

1^(1 + Dr = 

1 

21 

u = 

^{uu + dd) 


Ql = 

1^(1 -Dr = 

1 

18 1 

(/) = 

ss 


Ql = 

1 

9! 


J/V^ = 

cc 


Ql = 

4 

91 


T = 

bb 


Ql = 

1 

9 • 



For positron annihilation (with = 1) one has: 

r(o- = 


N lU , O K ^ 

T77) = ^(>r -9)^^- 


For quarkonia annihilation one gets: 

r(0“ ^ 77) = 


12a^Ql 


For the two (three) gluon annihilation one need to change : ^ 2q:^/9 

(«^ ^ 5«^/18): 


90 



14 CROSS SECTIONS 


14.1 e+e Annihilation 

For pointlike spin-| fermions the differential cross section in the cms for 
e+e" ^ // via single photon and Z-boson (with mass Mz and total width 
Vz) is given by [18]: 

^ = ^/?g5{l + cos^^ + (l-/?^)sin^^} (14.1) 

+ ^/?X 2 {l"/(l + l"')[l + cos2i? + (l-/?')sin2i?] (14.2) 

+/?'aj(l + V^)[l + cos'i?] - 8(3VVfaf cosi?} 

- ^(32QfXi{VVf[l + cos^^ + (1 - (3^) sin^^j (14.3) 
—2af(3 cos I?!, 

where (3 = y^l — 4m^ j s is the velocity of the final state fermion in the center 
of mass, Q f is the charge of the fermion in units of the proton charge, 

1 s{s- Ml) 

16 sin^ '&W cos^ '&w (-s — MzY + ’ 

_ 1 

~ 256 sin^ i3w cos^ (^ - M|)2 + r|M| ’ 

V = —1 + 4 sin^ Vf = 2Tsf — 4:Qf sin^ — ^Ts/, 

here the subscript / refers to the particular fermion and 

Ts = +- for 

Ts = -- for r,d,s,b- 

The first (14.1), second (14.2), and third (14.3) terms correspond to the 
e+e“ ^ // process via single photon annihilation, via .Z-boson exchange, 
and photon - Z-boson interference, respectively. 

For s ^ (i.e. ^ 1) the annihilation via single photon exchange (14.1) 
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tends to: 


dTrct^ 


(T = 


35 


-Q] 


86.3(5] 

s (GeV') 


nb. 


(14.4) 


14.2 Two-photon Process at e+e Collisions 

When an e"*" and e~ collide with energies Ei and E 2 , they emit drii and 
dn 2 virtual photons with energies Ui and UJ 2 and 4-momenta qi and 52 - In 
the equivalent photon approximation (EPA) [38], the cross section for the 
reaction 


e~*~e 




e e 


is related to the cross section for 77 ^ X by: 

dcTEPAO = dae+e-^e+e-x{s) = dui dn2da^^^x{W'^)^ 
where s = 4:EiE2, = 4 a;ia ;2 and 


(14.6) 

(14.6) 


dn; = 


a 


1 - 


a;? 


m^uji 1 dwi dq^ 


TT^ Ei'2El {-q?)E?i u;, qr 

After integration (including that over g? in the region vn^uHEil^EiUi) < 
—ql < {—q^)max)) the cross section is 

\ 2 


p dz 

= TT^ i 


<^EPA\^) — 


/(z)fln < _i| _ 


In-^z 


(T-y-y^x{zs), (14.7) 


where z = js, and 


^n2t ^ ^ 


/(.) = (l + -)nn---(l-.)(3 + 4 

The value {—q^)max depends on properties of the produced system X. For 
example, (—g^)maa: ~ nip for hadron production [X = h), and {—q^)max ~ 
M^i for the lepton pair production [X = Pl~). 

For the production of a resonance of mass Mr and spin J p I one has: 


(^epa{s) — ( 2 J + 1 ) 


8Q:^r(i7 ^ 77 ) 




(14.8) 


X 


f( — )(ln - 1)2 - ^(In —)2 

mlMl ’ Ml’ 


R 
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where Mq is the mass that enters into the from factor of the 77 ^ R tran¬ 
sition: Mq ~ Trip for R = 7r°, a;, 0 , . . . and Mq ~ Mr for R = cc 01 bb 
resonances. 


14.3 I h Reactions 

The reaction of the lepton hadron deep inelastic scattering (DIS) 

l{k,mi) h{P,M) l'{k\mi') X, (14.9) 

is described by the following invariant kinematic variables (the 4-momenta 
and masses of the particles are denoted in the parentheses) [18]: 

q = k — k' is four-momentum transferred by exchanged particle ( 7 , Z, or 
W^) to the target, 

ly = ^ = E — E' is the lepton’s energy loss in the lab frame, E and E' are 
the initial and final lepton energies in the lab, 

= —q^ = 2[EE' — k • k') —m^ if EE'sin^j2) ^ mf,, then 

% 4:EE'sin^/2), where 1 ? is the lepton’s scattering angle in the 

lab, 

® “ 2 MV “ 2 ^! parton model, x is the fraction of the target hadron’s 

momentum carried by the struck quark, 

y = is the fraction of the lepton’s energy lost in the lab, 

14^^ = (P + qY = + 2Miy — Q^, is the mass squared of the system recoil¬ 

ing against the lepton, 

s = (P + kf = M^+'^. 

The differential cross section of the reaction (14.9) as a function of the dif¬ 
ferent variables is given by 

(Pa , Pa 2 'kMu Pa , Pa 

-= i/(s — M^) -=-= x(s — M^) -. 

dxdy dudQ^ E' dQ,iabdE' dxdQ^ 
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Parity conserving neutral current process, l^h l^X, can be written in 
terms of two structure functions Q^) and Q^): 


d\ 


47rQ:^(5 — M^) 


dxdy 

X \{l-y)Fr+y^xFr- 


(14.10) 






xyF. 


NC 


Parity violating charged current processes, Ih vX and vh IX, can be 
written in terms of three structure functions F^^{x,Q^), F^^{x,Q^), and 

F,^^{x,Q^y. 




d?a _ Gl{s - M^) 
dxdy 27r {Q^ + M^y 

M^xy 


X 


{10 


y 


(a - M^y 


(14,11) 


where the last term is positive for I and u reactions and negative for /+ and 
P reaction. 


14.4 Cross Sections in the Parton Model 

In the parton model framework the reaction 

hi h2 ^ C X, (14.12) 

where (7 is a particle (or group of the particles) with large mass (invariant 
mass) or with high p-y can be considered as a result of the hard interaction 
of the one f-parton from hi hadron with j-parton from /12 hadron. Then the 
cross section of the reaction (14.12) can be written as follows: 

a{hih2 CX) = {^ 1 , Q^)d-{ij C)dxidx2, (14.13) 

ij 

where sum is performed over all partons, participating in the subprocess ij 
C] is parton distribution in h-hadron; is a typical momentum 

transfer in partonic process ij C and cr is partonic cross section. 
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14.5 Vector Boson Polarization Vectors 

Let us consider a vector boson with mass m and 4-momentum (p^ = m^). 
Three polarization vectors of this boson can expressed in terms of p^, 

p^ = Pt = \IpI+pI 

as folows [39]: 

£^(p,A = 1) = p^(0, p^Pz, PyPz, -Pt), ' 

£^(p, A = 2) = ^(0, -py, p^, 0), , (14.14) 

£'"{P,^ = ^) = r^{^,P^,Py,Pz)- 

It is easy to verify that 

P%(P, A) = 0, e^(p, A)e^(p, A') = (14.15) 

For pt = 0 (i.e. p^ = (FJ, 0, 0,p)) these polarization vectors can be chosen as 
follows: 

£^(p,A = 1) = (0, 0, 1,0), ' 

£^(p,A = 2) = (0, 1, 0, 0), (14.16) 

A = 3) = ^(p, 0, 0, E). 

Massless vector boson has only two polarization states, A = 1 and 2, on its 
mass-shell. 

In the axial gauge for the polarization vectors of the gluon there appears 
an additional condition (see Subsection 10.3): 

e^^(p, A)n^ = 0, 

where n is axial gauge fixing vector. 

For this case polarization vectors e^(p, A = 1,2) can be chosen as follows: 

>■) = £“(?> >■) - ' " K, (14.17) 

" p ■ n 

where e^{jp,X) are given in (14.14) or (14.16). 
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• Two Photons (Gluons) System 

For the system of two photons (gluons) with momenta pi and p 2 the 
polarization vectors £ 1 (^ 2 ) be written in the exphcitly covariant form: 

^i{±) = - {qP2)Pl - {qPl)P2 ± • ( 14 . 18 ) 

where sign +( —) corresponds to positive (negative) hehcity, qis any arbitrary 
vector, which is independent on pi and p 2 (it may be a momentum of some 
particle), and 


^3 = = (piP2)(2 {qpi){qp2) - q^{PiP2))- 

These vectors were considered also in Subsection 6.6. 

Projectors on various combinations of the hehcity states look as follows: 

lK(+K(-) + £f(-K(+)) = ^j^(KK-(Pi!>2)srn. 

‘ (£f(+)£j(+) + £?(-)£«-)) = ^{2[(piP2)(3Pi)(3P2)!;'''' 

-^q^q''{piP2f - {piP2){{qPi)P2q'' + {qP2)p'iq^)\ 

+q^{piP2){p\p2 - {piP2)g'"'')}, 

‘ (sf( + )sj( + ) - = 

^{((piP2)?^ - + {{piP2)q'' - {qp2)p'i)e^'^^^^^}, 

^ ^ {P1P2) ^ ql^^mPlP2 (gp^)£P 29 ^^^ ^ 
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15 MATRIX ELEMENTS 


15.1 General Remarks 

In this Section we present the matrix elements squared \M\^ for various 
processes in the Standard Model. Almost all of these \M\^ were presented in 
the book by R. Gastmans and Tai Tsun Wu [14], The symbol \M\^ is used 
to denote the square of the absolute value of the matrix element M summed 
over the initial and final degrees of freedom (polarization and color), but 
without averaging over the initial state degrees of freedom. 

So, one can use the weU-known crossing relations to obtain \M\^ for pro¬ 
cesses differing from each other by repositioning the final and/or initial par¬ 
ticles. The averaged over the initial state degrees of freedom matrix element 
squared |Mp can be obtained from \M\^ by trivial procedure: 


e'’'e , e^7, 77 
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i i (spin) ^ |M|s = \\M\\ 

I ■ I (sP™)^ ■ ^ (“lor) ^ W? = 

\ ■ \ (sP™)| ■ ^ (color) ^ IMP = 

T i (spr„)i . i (color) ^W = ^|MP. 


For the 2^2 processes the differential cross section is related to the |Mp 
as follows: 


da{2 2 ) 
dt 


M|2 

167r/2’ 


(15.1) 


where t and / are defined in (12.20) and (12.27). 

The notations, used through of this Section, are the same as in Section 10: 

e is the electric charge of the positron, aqED = ^ ^ ^ iir; 

Qf is the charge of the quark in units of the positron charge, 

2 

is the QCD couphng constant, olqcd = ctg = |^, 

Gf is the Fermi constant. 
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As in Section 12 for the reaction 2^2 

«(Pi) + KP2) ^ 1 ( 51 )+ 2 (^ 2 ) 

Pi+P2 = qi + ?2 

the Lorentz-invariant Mandelstam variables for reaction are given by 

= (Pi + P 2 y = (?i + 52)^, ^ = {Pi — qiY = {P 2 — 52)^, 

u = {pi- 52 )^ = (P2 - ?l)^ 
s 1 u = m\ + ml + + m\ ■ 


15.2 Matrix Elements 

15.2.1 e+e-^ff (no Z-boson exchange) 

• e+e" ^ El~ (I ^ I = fi,T). 




8e^ — +u^ + {ml + m^)(25 - ml- mj)], 
8e^--—, for me = mf = 0. 


(16.2) 


e“*“e 


qq 


W = 3Q)\Me\^ 


The detailed description of the process e+e ^ // with Z-boson exchange 
is presented in Subsection 14.1. 


15.2.2 


e“*“e 


e“*“e 


(no Z-boson exchange) 


\M\^ 


8e^| — -^rv?^ Sm^{s — m^)] 

L g2 

H —{u — 2m^){u — 6m^)|, 


8e‘ 


s^ + t^ + u^ 
sH^ 


for m = 0. 


(15.3) 
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15.2.3 e+ 


e ^ 777 


•e+(pi) + e (P2) ^ 7(^1)+7(^2)+7(^3), me = 0 . 

E(Pi^i)(P2^i)[(Pi^i)^ + {P2hY] 

\M\^ = 8 e® ‘El-_- 

n {pih){p2h) 

i=l 

• e+e“ ^ 777 ; mg = m ^ 0 . 

For the case of 5 = (pe+ +Pe-)^ ^ 4m^, i.e. in the hmit 


Pe+ =Pe- = (m,0), 


the \M\^ is given by [2]: 


, ,0 Rf/m —a;i\2 /m — ujn\2 /m — uj-i\2 

Mp = 64eM -1) +(-? + -5) 

where ui is f-photon energy in cms. 


(15.4) 


15.2.4 e+e-^/+/- 


e+(pi) + e (p 2 )^E(gi) + / (? 2 ) + 7 (^); me=m, = 0 . 


Invariants: 


5 = 2(piP2), t = - 2 (pigi), u = -2(pig2), 
s' = 2(51^2), t' = -2(p2?2), u = -2(p2?i). 

• / ^ e, for example, e+e“ ^ fji~j 


\M\^ = -Ae%Vp-v^y 


+ t'^+u^+u'^ 


(15.5) 


(15.6) 


I = e, i.e. e+e ^ e+e 7 


iMi^ = -4e^(v^-vJ 


. ss'(s^ + s'^) + + t'^) + uu'{u^ + u'^) 


ss'tt' 


where in (15.6) and (15.7) we use: 


{llky (q^ky 


. (15.7) 


(15.8) 
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(16.9) 


15.2.5 e+e ^ qqg 

For this reaction the invariants are the same as in (15.5). 

#2 I 4/2 12 

15.2.6 e+e“ ^ qqj 

For this reaction the invariants are the same as in (15.5). 

.^t^ + t'^+u^+u'^ 


ss' 


\M\^ = -I2e%vp+ QfV,y 
where Vp and Vq are defined in (15.8). 

15.2.7 gg qq, vriq = m ^ 0 

The final gg-pair can be in color singlet or color octet final states. 


\Msir,gi\^ = IQgtxo g , \Moct\^ = IQgtxo 


- 6xi 


— \Msingl\^ + |Moct|^ — ^Qgtxo 


8 


where 


Xo = 


— t — u 

+ 


— u — t 


+ 4( 


m 


+ 


- 6xi 


m 


— t — u 


Xi = 


For nig = 0, 


, m m , y 

-2- 7 4 2-) / 

— t — u 

— t){vn? — u) 


t^ + ut 

Xo = -,—, Xi = 

ut S‘‘ 


(15.10) 

(15.11) 

(15.12) 

(15.13) 
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IM^ = Wse‘^Q)xo. 
\M\^ = 24e^gJxo. 
\M\^ = %e\o. 


15.2.8 75 ^( 77 ) ^ // 

• gj ^qq 

• JJ^qq 

• 77 ^ e+e“ 


15.2.9 qq 


15.2.10 qq 


QQ, rriq = 0 ; mq = m ^ 0 

^ t^+u^+2m\2s-m^) 

> qq, mq = 0 


\M\^ = 16gt 


-\--\- 8 

3 tu 


15.2.11 qq qq, m„ = 0 


1^1^ = 


15.2.12 gg gg 


\M\^ = 2SSg: 


{s^ + t^+u^){s^ + t^+u^) 


15.2.13 / 1/2 ^ ^ fsh 


(15.14) 


(15.15) 


(15.16) 


(15.17) 


/i(pi) + /2(P2) ^ fsips) + Mpa), rni^2,3,4 i- 0- 


\M\^ 




(P1P4)(P2P3) 


(15.18) 


where (7 = 1 for I v ^ V v', C = Z for I u ^ qq'{qq' ^ S'lid (7 = 9 
for qiq 2 ? 3 ? 4 ; Mw and Tw are the mass and total width of the 14^-boson. 
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15 . 2.14 I V ^ dug 

^”(Pi) + i^(P2) ^ d{j)^) + u{j)^) + g{k), md,u 7 ^ 0 . 

- ("^u + "^d) [ ^((PlP4) + (P2P3)) - (PlPs)(P2P3) - (PlP4 )(P2P4)] } , 

2777 ^ 

^ = (fcpj2 (P2P3)[(Plfe) + (P 1 P 4 )] , 

277,2 

^3 = ^(Pip4)[(p2fc) + (P2P3)]. 
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16 MISCELLANEA 


16.1 Miscellanea 

• Let us consider the recursion = aAn_i + bAn _2 for given Aq and Ai. 
Then 


An — OLZi + j3z2 , 


^1,2 — 


;[l±yi + 46/u2], 


a = 


— 2 : 2^0 


2 ’ ■ -^1 — -^2 
• Various representations of the Dirac ^-function: 


/? = 


ziAq — Ai 
Zl - Z2 


S{x, a) = 




00 

O' 


7r(Q:^a;^ + 1) 

C{ ^ —0(?X^ 

o(a;, ctj = — 


, ct ^ 00 ; S{x,/3) = 


/? 


7r(a;^ + /?^) 




a 


TT 


, , ct sinfcta;) 

00 , Syx^aj = -;-;—, a 00 , 


TT (eta;) ’ 


-^ = V =p f7r^(a;). 

X ±ie X 

• 5tep-functions 0(a;) and £{x) 


Mxt 


{2tzi) J-oo t — ie 


dt = 




(far) 


- dt = 

' —00 t 


1, a; > 0 
0, a; < 0 

1, a; > 0 
— 1, a; < 0 




1 

(a — ie)^ r(fc) 
dt 


flOO 

/ 

Jo 


ita itb 


= In 

^ t 


fiOO 

/ e‘“(-“+‘")ct^-Mct, k>0, 

Jo 

b + ie' 


a A ie 


16.2 Properties of Operators 

The various properties of the operators can be found, for example, in [5, 
40, 41], Let f{A) be any function from the operator (matrix) A, which can 
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expanded into series with respect to operators (matrices) A'^: 

OO 

f(A) = 5: C^A-. 

n=0 


• Let ^ be a parameter, then: 

^ = A, = A^, 

e<^f(A)e-<^ = f(A). 

• Let A and B be noncommuting operators, ^ and n be parameters {n inte¬ 
ger). Then: 

e^^F{B)e-^^ = F{e^^Be-^^), 

= B + ilA,B] + |[^, [A, B]] + |[A, [A, [A, B]]] + • • • 

• Let A be an operator and there exists the inverse operator A~^. Then for 
any integer n : 


AB^A-^ = (ABA-^)^, Af{B)A-^ = f{ABA-^). 

• Let A[x) be an operator, depending on the scalar variable a;, then 

dA-\x) ^ 


dx 

dx 


f 


dx 

^dA{t) 
dt 




16.3 The Baker-Camphell-Hausdorff Formula 

Let A and B be non-commuting operators, then : 

e^e^ = eEr=i^^, ( 16 . 1 ) 


where 


Zi — A A B] 


( 16 . 2 ) 
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^2 = (16.3) 

= ^IAIA,B]] + ^IIA,B],B]-, (16.4) 

^4 = ^[A,[[A,B],B1]+ i[[A,[A,B]l,B]i (16.5) 


^5 = — 

120 

[a,\[A,B],B]],B 

1 

. ^ m 

1-1 

1 

A,\[[A,BIB\,B\ 

1 

. ~ ^ 

to 

1 _ 1 

1 

m 

A, [A,K[^,B]1] 

1 ■ 

~ m. 

[[IA,B],B],B],B 


The other terms can be evaluated from the relation (see [5, 41]): 

= A + ( 16 . 7 ) 

k=0 v'^ “T j=0 j ■ 

where Z = Z' = The repeated 

commutator bracket is defined as follows 




A,IA'',B\ 


Since relation (16.7) must be satisfied identically in one can equate the 
coefficients of on the two sides of this relation. In particular, j = 0,1, 2, 3, 4 
gives (16.2, 16.3, 16.4, 16.5, 16.6), respectively. 
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